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Abstract. In this paper, we introduce a notion of maximal actions of compact tori on 
smooth manifolds and study compact connected complex manifolds equipped with maxi- 
mal actions of compact tori. We give a one-to-one correspondence between the family of 
such manifolds and the family of the pair of nonsingular fans in the Lie algebra g of com- 
pact tori and complex vector subspaces of satisfying certain conditions. We construct 
not only the one-to-one correspondence but also a category isomorphism with suitable def- 
initions of morphisms in these families, like toric geometry. 

We obtain several results as applications of our classification; characterization of com- 
plex structures on moment-angle complexes and partial quotients, classification of holo- 
morphic nondegenerate C" -actions on compact connected complex manifolds of complex 
dimension «, and construction of concrete examples of non-Kahler manifolds. 
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1. Introduction 

Toric geometry was established around 1970 by Demazure, Miyake-Oda, Mumford etc. 
It provides examples of concrete algebraic varieties and finds many interesting connections 
with combinatorics, see [|5l. [|T0l and [fT9l for history. A toric variety of complex dimension 
is a normal algebraic variety over the complex numbers C with an effective algebraic action 
of an algebraic torus G*^ having an open dense orbit. On the other hand, a fan is a collec- 
tion of cones in a real vector space with the origin as vertex satisfying certain conditions. 
A fundamental theorem in toric geometry says that there is a bijective correspondence be- 
tween toric varieties of complex dimension n and fans of real dimension n. Among toric 
varieties, nonsingular complete toric varieties are well studied. 

In this paper, we study complex manifolds with torus actions, which are siblings of 
nonsingular complete toric varieties from the viewpoint of compact torus actions. Let M 
be a connected smooth manifold, equipped with an effective action of a compact torus G. 
Then dimG + dimG^ < dimM for any point x E M, where G^ is the isotropy subgroup at x 
of G. This inequality motivates us to consider the case when the equality holds for some x. 

We say that the action of G on M is maximal if there exists a point x E M such that 

dim G + dim G^ = dimM. 

The main concern in this paper is complex manifolds equipped with maximal actions of 
compact tori which preserve the complex structures. There are rich examples of such 
manifolds: 

Example 1.1 (compact complex torus C'^/T). Let F be a lattice of C", that is, a cocompact 
discrete subgroup of C". Let M = C"/r and let G = C'Vr = {S^f" act on M as transla- 
tions. The G-action on M preserves the complex structure on M. The isotropy subgroup is 
trivial at any point in M, so the action of G on M is maximal. 

Example 1.2 (nonsingular complete toric variety). Let M be a nonsingular complete toric 
variety and let G be the maximal compact torus of the algebraic torus acting on M. The 
G-action on M preserves the complex structure and it is well-known that M has a fixed 
point. Since dimG = 5 dimM and Gx = G at each fixed point x G M^, the action of G on 
M is maximal. 

As is shown in [fT2ll . a compact connected complex manifold equipped with a maximal 
action of a compact torus with at least one fixed point is biholomorphic to a nonsingular 
complete toric variety. 

Example 1.3 (Hopf manifold). Take a E C* such that |a| 7^ 1. Define an equivalence 
relation ~ on C" \ {0} so that 

z ~ w if and only if there is k eZ such that z = oc'^w. 

The quotient M = C" \ {0} / ~ is a complex manifold which is diffeomorphic to 5^"^^ x . 
We equip G = (5^)"+ ^-action on M as follows. Take an element a E - — ^^loga. Define 
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an M"+ -action on M by 

where [z\ denotes the equivalence class of z G C" \ {0}. Clearly, the ]R"+^-action on M 
preserves the complex structure and M"+^ has the global stabilizers Z"+^. Hence the M"+^- 
action descends to an effective G = (5^)"+^-action which preserves the complex structure 
on M. At the point x = [1,0, ...,0] e M, the isotropy subgroup is {1} x (5^)""^ x {1} 
which is a (n — 1) -dimensional torus. Therefore the action of G on M is maximal. 

Example 1.4 (Calabi-Eckmann manifold (see JH for details)). Define a (C*)"'-action on 
(C^\{0}) X (C™-^\{0})by 

(■?!, • ■■i8m) ■ izi,...,Zk,Zk+l,---:Zm) '■= {glZk, ■ ■ ■ , gmZm) ■ 

As in Example [131 take a G C \ M. Define a subgroup 

V k m—k ) 

The action of (C*)'" restricted to H on (C^ \ {0}) x (C'""^ \ {0}) is free, proper and holo- 
morphic. Therefore, the quotient space M := (C^ \ {0}) x (C™^* \ {Q})/H becomes a 
complex manifold. Thinking of S^^^^ and 52ra-2fc-i spheres in C'^ and C™^^ 

respectively, the inclusion S^^^i x 52^-2^-1 ^ ^^k \^ |o}) ^ (C''^-'^\ {0}) induces a dif- 
feomorphism S^^^^ x 52m-2fc-i _^ particular, M is a compact connected complex 

manifold. We give an action of G = (5^)'" on M as 

{g\-,----,gm)- [zi-,---,Zk,Zk+\-,----,Zm] '■= [glZl, ■ ■ ■ , gmZm] 

for {gi,... ,gm) G (S^)'" and [zi,.. .,Zm] G M, where [zi,.. .,Zm] denotes the equivalence 
class of (zi, . . . ,Zm) G (C^ \ {0}) X (C""^ \ {0}). This G-action preserves the complex 
structure on M. At the point x= [zi , 0, . . . , 0, za:+i , 0, . . . , 0] with zi , Zk+i 7^ 0, the isotropy 
subgroup is {1} x (S^)^-^ x {1} x {S^y'-''-\ that is, an (m — 2) -dimensional torus. 
Therefore dim G + dim G^ = 2m — 2 = dimM, so the action of G on M is maximal. 

More interesting and complicated examples are moment-angle complexes, LV-M mani- 
folds, and LVMB-manifolds which are well studied (see flTl. [I2ll. fl6l. [[T4l. [fTTl, [[T8l, [|20l 
and [21] for details). Those manifolds are obtained as the quotients of complements of 
coordinate subspace arrangements in affine spaces C" or in projective spaces CP'" by free, 
proper, holomorphic C^-actions for some k. They are naturally equipped with actions of 
compact tori, and it is easy to see that the actions preserve the complex structures and 
maximal. 

We consider the family ^1 which consists of the equivariant biholomorphism types 
[M, G] of compact connected complex manifolds M equipped with actions of tori G which 
are maximal and preserve the complex structures. As a combinatorial counterpart of ^i. 
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we also consider the family which consists of the triple (A, t), G), where A is a nonsin- 
gular fan in the Lie algebra g of the compact torus G and f) is a complex vector subspace 
of :=g(S)C = 0© -\/— Tg satisfying the following conditions: 

(1) the restriction p\^ of the projection p: g*^ — > g is injective and 

(2) the quotient map q: g—^g/ p(f)) sends the fan A to a complete fan ^(A) in g/p{i)). 

To each element [M, G] in ^i, we may assign a triple (A, f), G) which sits in ^2 as follows. 
For a representative (M, G) of [M, G], each connected component of the fixed point set of 
a circle subgroup of (S^)" is a closed complex submanifold of M. If such a submanifold 
has complex codimension one, then, in analogy with the toric topology literature, we call 
it a characteristic submanifold of M (cf. [16, p. 240]). One can see that the number of 
characteristic submanifolds of M is finite (possibly 0). Let Ni, . . . ,Nkhe the characteristic 
submanifolds of M. We define an abstract simplicial complex E on the vertex set { 1 , . . . , fc} 
as 



Let Gi be the circle subgroup of G which fixes Ni pointwise. Define A,- : 5 — )• G so that 



We may regard A, as a vector in g and put Cj := | a,- > 0} for / G E. Then, we 

have a collection A of cones C/ in g. One can see that A is a nonsingular fan in g. Since the 
action of G on M preserves the complex structure on M, we may consider the complexified 
action G^ x M ^ M. The vector subspace f) is the Lie subalgebra of the global stabilizers 
of this complexified action. One can see that A and i) satisfy conditions (1) and (2) above 
and hence we have a map ^1 : ^1 — )■ ^2- 

Conversely, we can construct a compact connected complex manifold equipped with an 
action of a compact torus G which is maximal and preserves the complex structure from 
each element (A, [), G) in '^2- Let X(A) be the nonsingular toric variety associated with A. 
One can see that the quotient X{A) /// is a compact connected complex manifold, where 
H := exp(f)) C G*^. The action of G on X{A) descends to an action on X{A) /H which is 
maximal and preserves the complex structure. So we have a map ^2 '■ ^2 ^ given by 



Our main theorem in this paper is the following: 

Theorem 1.5 (See also Theorem 17.91 ). The maps and ^2 o.^^ bijections between ^\ 
and ^2- They are inverses to each other. 

Theorem 1 1.5 1 tells us that a representative (M, G) of each [M, G] G "^i is biholomorphic 
to the quotient of a nonsingular toric variety by a subgroup H of G^. 

Example 1.6 (compact complex torus C"/r (continuation)). Let 7i, . . . , 72n be generators 
of the lattice P. Consider the C-linear map 




{Xi{g)U^)=g^ for all gES\^ETM\NjTNi. 



^2(A,f),G):=[X(A)///,G]. 
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for all i, where e,- denotes the z-th standard basis vector of C^". The map / descends to 
a surjective holomorphic homomorphism /: C^'YZ^" — )• C"/r. Through the exponential 
function t t-)- e^^^^', we can identify C^'YZ^" with the algebraic torus (C*)^". So we 
have a surjective holomorphic homomorphism /: (C*)^" — t- C"/r. The Lie algebra of 
ker/ =: H is ker/ =: i) and C"/r is isomorphic to the quotient {C*)^"/H. Remark that 
(C*)^" is the affine toric variety associated with the fan consisting of only the origin {0} 



m 



Example 1.7 (nonsingular complete toric variety (continuation)). Let (A, {i,G) G ^2- In 
case f) = {0}, condition (2) implies that A is a complete fan. Theorem 11.51 generalizes the 
correspondence between nonsingular complete toric varieties and nonsingular complete 
fans through [12, Theorem 1]. 

Example 1.8 (Hopf manifold (continuation)). Let a G C \ M and let a = e^'^^^^ . We 
may think of the Hopf manifold M = C" \ {0} / ~ in Example 11.31 as a Calabi-Eckmann 
manifold. In fact, 

C7 (C" \ {0}) X C*///, [zi, . . . ,z„] ^ [zi, . . . 1] 

is a biholomorphism, where H is defined as 

n = \ g (c*)"+i ugc 

So Example [L9] below contains the case of Hopf manifolds. 

Example 1.9 (Calabi-Eckmann manifold (continuation)). Example 11.41 is suitable to ex- 
plain Theorem O Consider the Calabi-Eckmann manifold M = (C^ \ {0}) x (C'""^' \ 
{0})///. There are m characteristic submanifolds of M and each of them is 

A^,-:={[zi,...,z„] gM|z,- = 0} 

for z = 1, . . . ,m. The circle subgroup G, which fixes A^,- pointwise is the z'-th coordinate 
1 -dimensional subtorus of G = (5^)'". So one can see that the corresponding fan A is 

A:={pos(e/ |zG/U7) | / C {1, . . . ,fc},7 C {^+ 1, . . . ,m}} 

and the associated toric variety X(A) is (C^ \ {0}) x (C™^^ \ {0}), where pos(A) denotes 
the cone spanned by elements in A. The complexified action (C*)™ x M — )■ M is given by 

(,?1 , • • • , ■ [^b • • ■ , 2m] = , ■ ■ ■ , ^mZyy^ 

for (^i,...,^m) £ (C*)'" and [zi,...,Zm] G M, so the global stabilizers coincide with U. 
Finally, we shall see that A and the Lie algebra \) oiH satisfies the conditions (1) and (2). 
By direct computation, p{\)) C M*" is spanned by the vectors vi = (1, . . . , 1,0, . . . ,0) and 
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V2 = (0^^^^, 1^^^^). So we may identify M"Vp(fi) with R"'-^ by 

k m—k 

[xj , . . . , Xin\ I y (xj JCy^, . . . , '''^jt— 1 ^ki-^k+l ^mi ■ ■ ■ i ^m—\ -^m^- 

Therefore the image of the fan A by the map q : R'" — )■ M™^^ is the join of fans associated 
with projective spaces CP^^^ and CP'"^^^^. In particular, ^(A) is a complete fan in M™^^. 

We also consider morphisms in both and ^2 and show that ^1 and ^2 are not only 
bijections but also category isomorphisms (Theorem 18 .5 1 ). As an application, we show that 
^1 gives a complete invariant as complex manifolds, that is. 

Theorem 1.10 (See also Theorem 18.61 ). Let Mi and M2 be compact connected complex 
manifolds, equipped with maximal actions of compact tori Gi and G2 which preserve the 
complex structures on Mi and M2, respectively. Then, Mi is biholomorphic to M2 if and 
only if ^i ( [Ml , Gi ] ) is isomorphic to ^2 ( , G2] ) • 

We also study about complex structures on moment-angle complexes and partial quo- 
tients. A moment-angle complex defined for any abstract simplicial complex E with 
a finite vertex set, is a topological space equipped with an action of a compact torus. In 
EOll . Panov and Ustinovsky found a sufficient condition for a moment-angle complex to 
admit a complex structure invariant under the torus action. In this paper, we show that the 
condition given by Panov and Ustinovsky is necessary and sufficient condition, and any 
complex structure invariant under the torus action coincides with a complex structure con- 
structed by Panov and Ustinovsky (Theorem 19. II ). A partial quotient is a quotient of 
a moment-angle complex ^ by a subtorus S which acts on ^ freely. We also character- 
ize partial quotients which admit complex structures invariant under the quotient torus by 
S (Theorem 1941). 

As an application, we also give a complete classification of compact connected complex 
n-manifolds with holomorphic nondegenerate C"-actions. The notion of nondegenerate 
action is introduced by Tien Zung and Van Minh in [|22l . The classification of compact 
connected complex manifolds which admit nondegenerate C" -actions can be obtained by 
Theorem 1 1.5 1 and by the following: 

Theorem 1.11 (See also Theorem 1 10.31 ). Let M he a compact connected complex manifold 
of complex dimension n. Then, M admits a holomorphic nondegenerate ^"'-action if and 
only if M admits an action of a compact torus G which is maximal and preserves the 
complex structure on M. 

We give a necessary condition for a compact connected complex manifold M with a 
maximal action of a compact torus G preserving the complex structure to admit a Kahler 
metric in terms of ^i([M,G]) (Theorem lll.il) . It turns out that we can obtain concrete 
examples of non-Kahler manifolds from elements in ^^2 which do not satisfy the necessary 
condition. 
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This paper is organized as follows. In Section |2l we see some properties of maximal 
torus actions. In Section |3l we briefly recall how to construct complexified action and pre- 
pare some lemmas for later use. In Section |4l we study the complex structure around min- 
imal orbits. Especially, we give an explicit presentation of the complex structure around a 
minimal orbit. In Section [51 we assign a nonsingular fan A in g and a complex vector sub- 
space of to a compact connected complex manifold M equipped with a maximal torus 
action which preserves the complex structure. We also characterize the pair (A, f}) which 
comes from (M, G). In Section [6l we construct a principal bundle over an open subset of 
M whose total space is a toric variety. This construction is the key of the proof of the main 
theorem. In Section |71 we study the quotients of toric varieties by subgroups of algebraic 
tori, and prove the main theorem. Throughout Sections 5]-|7] we use arguments similar 
to [|T2l . In Section [8l we define morphisms in and ^2 and show that ^1 and ^2 are 
category isomorphisms. In Section |9l we study the complex structures on moment-angle 
complexes and partial quotients. In Section [lOl we clarify the relation with holomorphic 
nondegenerate C"-actions and give a complete classification of compact connected com- 
plex ^-manifolds which admit holomorphic nondegenerate C"-actions. In Section [TTl we 
give a necessary condition for a compact connected complex manifold equipped with a 
maximal action of a compact torus to admits a Kahler metric. 

2. Maximal torus actions and minimal orbits 

Let M be a connected manifold equipped with an effective action of a compact torus 
G. Since M is connected and the action on M of G is effective, the normal subspace 
TxM /Tx{G ■ x) must be a faithful representation of the isotropy subgroup Gx at x. Since 
the identity component G^ of G^ is a subtorus of G, it follows from the faithfulness of 
TM/T,{G-x)\haX 

(2.1) dimG;f < ^(dimM- (dimG-dimG^)) 

for all X & M. The inequality (12.11 ) can be simplified to 

(2.2) dimG + dimGx < dimM 
and this inequality (12.21) is equivalent to 

(2.3) dimG-JC> 2dimG-dimM. 

Definition 2.1. Let M be a connected manifold equipped with an effective action of a 
compact torus G. We say that the action of G on M is maximal if there is a point x E M 
such that 

(2.4) dim G + dim Gx = dimM 

i.e. the equality of (12.21 ) holds. We say that an orbit G ■ x through x is minimal if 

(2.5) dimG-x = 2dimG-dimM 
i.e. the equality of (12.31 ) holds. 
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Of course, the existence of a minimal orbit G ■ x implies that the action of G on M is 
maximal. If the action of G on M is maximal, then there is a minimal orbit G ■ x. 

Roughly speaking, the maximal action on M means that there is no larger compact torus 
which acts on M effectively. We shall state this for later use. 

Lemma 2.2. Let M be a connected manifold equipped with an effective action of a compact 
torus G'. Let G be a subtorus of G'. Suppose that the action of G' restricted to G on M is 
maximal. Then, G = G'. 

Proof. It suffices to show that dimG = dimG'. Since the action of G on M is maximal, 
there exists a point x E M such that dimG + dimG;c = dimM. Since dimG < dimG' and 
dimGx < dimG^, we have that 

(2.6) dimM = dim G + dim G.^ < dim G' + dim G^ < dimM 

by (IZ2l) . Therefore dim G + dim G.^ = dim G' + dim G^ .Using dim G < dim G' and dim Gjc < 
dim G[ again, we have that dim G = dim G', proving the lemma. □ 

We shall state the following for later use, too. 

Lemma 2.3. Let M be a connected manifold equipped with a maximal action of a compact 
torus G. Let G-xbe a minimal orbit. Then, the followings hold: 

(1) The isotropy subgroup Gx ofGatx is connected. 

(2) G x is a connected component of the fixed point set of the action ofG restricted to 
Gx on M. 

(3) Each minimal orbit is isolated. In particular, there are finitely many minimal orbits 
ifM is compact. 

Proof. Since the action of G is maximal, the representation TxM/Tx{G-x) of Gx is faithful 
and 

(2.7) dimG;, = ^dimTxM/TxiG- x). 

Consider the injective homomorphism Gx — )■ GL( TxM /Tx{G-x)) associated with the repre- 
sentation TxM /Tx{G-x). Since Gx is compact and abelian, it follows from (|2.7I) that the im- 
age of the whole Gx by the homomorphism is a maximal compact torus of GL{TxM/Tx{G- 
x)). Therefore Gx should be connected, proving Part (1). 

Since the image of Gx by the homomorphism Gx — t- GL{TxM / Tx{G ■ x)) is a maximal 
compact torus of GL{TxM/Tx{G-x)), we have that 

iTxM/Tx{G-x)f-^ = {0}. 

This shows that 

TxM^^ = Tx{G-x). 
This together with the slice theorem shows Part (2). 

It follows from Part (2) and the slice theorem that each minimal orbit is isolated, proving 
Part (3). □ 
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3. Complexified actions 

Let M be a complex manifold and let a connected abelian group G act on M preserving 
the complex structure J. Then, under a certain condition, we can construct the complexified 
action on M of a complex Lie group such that the action map is holomorphic. 

For a vector v in the Lie algebra q of G, we denote by the fundamental vector field 
generated by v. For a vector field X on M, we denote by exp(X) the flow at time 1 which 
is a diffeomorphism M of to itself when exp(X) can be defined. 

Any element in : = g ®k C can be represented as m 1+ v 1 for unique m, v G g 
and hence it is isomorphic to © v^— as real vector spaces. For simplicity, we denote by 
u + ^/^v the element w ® 1 + v (8> a/— 1. 

Let J be the complex structure on M. Suppose that JX^ is complete for any v G g. Then 
we define a map x M — )• M to be (w + ^/ —\v,x) = exp{Xu + JXy){x) for m,v G g. We 
claim that the map x M — )■ M is a holomorphic action. 

First, we see that the map x M -> M is an action. To see this, we see that the vector 
fields Xj(,Xv,7X;,,7Xv commute with each other. Since g is commutative, [Xi<,Xv] = 0. Since 
the flow of Xu preserves J and Xy, it also preserves JXu and JXy. So [Xu.JXu] = [Xu.JXy] = 
0. Since J is the complex structure, its Nijenhuis tensor, N{Z, W) := 2( [7Z, JW] —J[JZ, W] — 
J[Z,JW] - [Z, W]) vanishes for any vector fields Z, W on M. Setting Z = X^ and W =Xy 
we have that [JXu,JXy\ = J[JXu,X^] -\- J\Xu,JXy\ + [Xi<,Xv] and each of the three terms on 
the right hand side is zero. So the vector fields Xu,Xy,JXu and JXy commute with each 
other. This shows that the map g*^ x M — )■ M is an action. 

Now we see that the flow of JXy preserves the complex structure / on M. The flow of 
a vector field Y preserves J if and only if = V7] for each vector field W (see 

[fT3l Proposition 2. 10 in Chapter IX]). Setting Y = JXu and W arbitrary, it follows from the 
vanishing of the Nijenhuis tensor and the assumption that the flow of X^ = —JY preserves 
7 that 

O^N{JY,W) = 2{[-YJW] -J[-Y,W] -J[JYJW] - [JY,W]) 
= 2{[-Y,JW]-J[-Y,W]). 

Hence the flow of 7 = JXu preserves 7. 

Finally, the action map x M M is holomorphic, because its differential, which 
at the point {Xu + \/^Xy,x) is the map g*^ x TxM — )■ Tgxp{x„+jx,,){x)M that takes {u' + 
^/^v',X') to Xuiexp{Xu + JXy) [x)) +JXyioxp{Xu + JXy){x))+d{exp{Xu + JXy)){X'), is 
complex linear. 

We remark that the exponential map g — )• G is a surjective homomorphism because G 
is connected and abelian. So G is isomorphic to g/Hom(5\G), where we think of the 
set Hom(5\ G) of homomorphisms A : 5^ — t- G as a subset of g via the image of 1 by the 
differential of the composition A o e2;rV^. . j^^s^^G. The action of g*^ on M descends 
to an action of G*^ := g^/ Hom(5^ , G) . The G'^-action on M is said to be the complexified 
action. 
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Example 3.1. Let G = S act on a vector space C as a representation and let a e Hom(G, C*) 
be its character. Namely, the action G x C — > C is given as 

g -v = a{g)v = g^v for some A: G Z. 

The complexified action x C ^ C is given by the same formulation 

g-v = g^ forge G^ = C*. 

We also denote by a the character of G'^ x C ^ C. 

Remark 3.2. Let Gi and G2 be connected abelian Lie groups and let a : Gi ^ G2 be 
a Lie group homomorphism. The differential of a at the unit 1 of Gi, the linear map 
(da) I : Qi — > 02, sends elements in Hom(5\ Gi) to elements in Hom(5'\ G2). So the C- 
linear map {da)f : = {da)i ® id^ : — > 02 induces a complex Lie group homomorphism 
Gf — 7> Gj • We also denote by a this complex Lie group homomorphism Gf —> Gj • 

Let Ml and M2 be complex manifolds equipped with actions of Gi and G2 preserving 
the complex structures on Mi and M2, respectively. Let i//: Mi — )■ M2 be an a-equivariant 
holomorphic map, that is, the diagram 

ax\i/ 

Gi X Ml ^ G2 X M2 

' I// ' 
Ml ^M2 

commutes, where the vertical arrows are the action maps. Suppose that the complexified 
actions Gf x — )■ M, can be defined for both / = 1,2. Then, it follows from the definition 
of the complexified actions and the holomorphicity of Xjf that the diagram 

Gf X Ml ^ G^ X M2 

Ml ^M2 

commutes. So l/A^ is an a-equivariant holomorphic map with respect to the complexified 
homomorphism a : Gj' ^ Gj . 

The complexified action G'^ xM ^ M might not be effective. We denote by Zqc the 
subgroup which consists of global stabilizers, that is, 

Zqc ■.= {geG^ \g-x = x for all xe M}. 

We denote by G^ the quotient complex Lie group G'^/Zqc. We regard G as a subgroup of 
G^ and of G^ when G acts on M effectively. The dimension of G^ should be at most the 
dimension of the manifold M. This follows from the following lemma and its corollary. 
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Lemma 3.3. Let M be a connected complex manifold of complex dimension n and let 
Yi, . . . ,Yn be holomorphic vector fields such that YiA---AYnis not zero, that is, there exists 
a point X M such that Yi (jc) , . . . , y„ [x) are linearly independent over C. Then, the open 
subset 

S := {xEM I Yi{x), . . . ,Yn{x) are linearly independent over C} 
is dense in M and connected. 

Proof. Let {(pa'- Ua — > be local holomorphic coordinate systems, that is, t/^'s are 
open subsets of M such that IJ,^ Ua = M, D" is the polydisc in C" and each (pa is a biholo- 
morphism. It suffices to show that Ua^iS is dense in Ua and connected for each index a. 
Let Zi for z = 1, ... ,n be the z-th factor of (p«. Using these coordinates we can represent 
Fi A ■ ■ ■ A y„ as 

d d 
YiA---AY^=f—A---A—, 
dzi dZn 

where / is a holomorphic function defined on Ua- For y E [/«, Fi (y) , . . . , F„(y) are linearly 
independent over C if and only if f{y) ^ 0. Since / is holomorphic, the open subset 
{y EUa\ f{y) ^ 0} = Ua^iS is dense and connected unless empty. Suppose Ua^^ contains 
jc e M such that Fi (x), . . . , Y„{x) are linearly independent over C. For any index a, we can 
find a sequence of indices tti , . . . , such that Uaj n t/aj+i 7^ for j = 0, . . . , — 1 and 
Ua^ = Ua because M is connected. By induction on k, we can show that t/^ n5 is dense 
and connected. By the choice of (Xq, Ua^^ fl 5 is not empty and hence Uof, fl 5 is dense and 
connected. Suppose that Ua^ DS is dense in t/^^ and connected and Ua^ H Ua^_^_i is not 
empty. Then, Ua,^ n Uai^_^_i (IS is not empty. So t/a^_|_i fl 5 is not empty and hence f/«j^j fl S 
is dense in t/a^_|_i and connected. 

Therefore, for any index a,Uar]Sis dense in Ua and connected, proving the lemma. □ 

Corollary 3.4. Let M be a compact connected complex manifold of complex dimension 
n. Let an abelian Lie group G act on M preserving the complex structure and let be as 
above. Suppose that there exist a point x EM andvi,. . . , v„ G g*^ such thatXy^ (x),.. . ,Zv„(x) 
are linearly independent over C. Then, ■ x is an open dense orbit. 

Proof. The corollary follows from Lemma l33l immediately. □ 

For later use, we state the fact that the dimension of G^ is at most the dimension of M 
as a corollary. 

Corollary 3.5. Let M and G be as above. Then, the dimension of G^ is at most the 
dimension ofM. 

Proof. The corollary follows from Corollary 13. 4 [ immediately. □ 

4. Structure around minimal orbits in complex manifolds 

Let M be a compact connected complex manifold equipped with a maximal action of a 
compact torus G. We assume that each element of G preserves the complex structure / on 
M. As we saw in Section [3l the action of G on M extends to an action of G'^ and of G^. 
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Lemma 4.1. Let M be a connected complex manifold equipped with a maximal action of 
a compact torus G. Suppose that each element ofG preserves the complex structure on M. 
Then, each minimal orbit is a complex submanifold ofM. 

Proof. Let G ■ x be a minimal orbit. Since each element of G preserves the complex struc- 
ture J on M, each element of G^ also preserves J. Hence each connected component of 
fixed points of the action of G^ is a complex submanifold. This together with Lemma |23] 
shows that G ■ x is a complex submanifold of M, as required. □ 

Let G ■ jc be a minimal orbit of M. For any v G 0, the fundamental vector field Xv|g x 
generated by v restricted to G ■ x is tangent to G - x. It follows from Lemma 14.11 that the 
vector field JX^ \ g x is also tangent to G ■ jc. This together with the definition of complexified 
action yields that G ■ x is invariant under the action of G*^ and hence G ■ jc is invariant 
under the action of G^ . Since G^ acts on G ■ x transitively, G ■ x h G^-equivariantly 
biholomorphic to G^/(G^)x. In order to describe the complex structure oi G ■ x and its 
tubular neighborhood, we investigate the global stabilizers Zqc and {G'^)x. 

Lemma 4.2. Let M and G as above. The global stabilizers 

Zqc = {geG^\g-x = xfor all x e M} 
are connected and have no element of finite order . 

Proof. Any element of finite order in G^ = 0*^/ Hom(5^ , G) is an element of G. Since the 
action of G on M is effective, Zqc has no element of finite order. 

Suppose that Zqc is not connected. Then, there exists an element [v] G Zqc such that [v] 
does not sit in the identity component of Zqc, where [v] denotes the equivalence class of 
V G g*^. We fix the representative v G g*^ of [v] G Zqc- If v G g, then the action of G on M 
is not effective. Thus v ^ g. We have a circle action on M via 

{[t],x) ^ exp(fX^,)(x) for [t] G M/Z. 

By definition, the action of M/Z on M commute with the action of G. So we have the 
action of the compact torus M/Z x G on M. Since v does not sit in g and [v] does not sit 
in the identity component of Zqc, the action of R/Z x G on M has at most finite global 
stabilizers. Thus we have an effective action of a compact torus of dimension dimG+ 1. 
This contradicts Lemma IZ2| Therefore Zqc is connected, proving the lemma. □ 

Lemma 4.3. Let M, G and x as above. There exists a Gx-equivariant biholomorphism 
(Px : U ^ U near x, where U is a G^-invariant open subset containing x G M and U is a 
Gx-invariant open subset ofT^M ( with the natural complex structure) containing the origin. 

Proof. This can be shown by an almost same argument as [ T2l Proof of Lemma 5]. For 
convenience of the reader, we give a proof of the lemma here. 

Suppose that the complex dimension of M is n. Let (p : t/ — )■ t/ C C" be a holomorphic 
local chart near x with (p{x) = 0. Identifying C" with T^M via the differential 

{d(p)x:TxM^ToC"^C", 
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we have a biholomorphism 

cp': U ^U' C T^M 

whose differential at x is the identity map on TxM. We want to obtain such a biholomor- 
phism that is also equivariant. 
Set 

U' := n SU. 

By definition of U', U' contains x and hence is not empty. We now show that U' is open. 
The complement of U' is the image of the closed subset x (M\U) by the action map 
GjcXM M. Since M is compact, so is x (M \ t/). Therefore, M\U' is compact and 
hence U' is openQ 

To obtain an equivariant map, we average (p'lw: let 

9: / {go(p'og-')dg:U'^T,M, 

JgeG, 

where dg is a Haar measure on G^. By definition of (p, the map ^ is holomorphic, Gx- 
equivariant and its differential at x is the identity map on T^M, but no longer biholomorphic 
in general. However, the implicit function theorem tells us that the restriction of ^ to some 
smaller open subset U" containing x is a biholomorphism onto the subset ^{U") of T^M. 
The restriction of ^ to the Gj^-invariant open subset '■ = ClgeG^gU" is what we wanted. 
The lemma is proved. □ 

Let 2n be the real dimension of M (i.e. n is the complex dimension of M) and let m be 
the dimension of G. It follows from Lemma 1431 that Tx{G-x) is a complex vector space 
of complex dimension (m — n) and invariant under the G^-action. So TxM/Tx{G-x) is a 
complex (2n — m) -dimensional representation of G^. We decompose the representation 
TxM/Tx{G-x) into the direct sum of irreducible representations 

where C^^. denotes the complex 1 -dimensional representation of G^ whose character is 
(Xj E Hom(G,:,5^). The following follows from Lemma |431 immediately. 

Corollary 4.4. There exists a Gx-equivariant local holomorphic chart 

(Px'.Ux^ B""^" X D^"-'" 

from an invariant open neighborhood Ux of x to a polydisc D'"^" x D^"^"\ where the 
former factor D'"^" is a polydisc in C'"^" with the trivial Gx-action and the latter factor 
D2«-™ is a polydisc in ©^^7™ C«^.. □ 



We may prove that U' is open without the compactness of M, see [12. Proof of Lemma 5] for details. 
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Let zi , . . . , Zm-m wi,.. W2n-m be the Standard coordinate functions of D"' " x W" c 
(^m-n X 02n-m(^^^ Corollary 13] implies that there exists a basis {v[,. . • ,v^„_^) of 0;^ 
such that the fundamental vector fields generated by them can be written as 

/ — d 

(4.1) X,,i=\' — lwj^ — for / = 1, . . . , 2n — m 

through the coordinates zi , . . . , Zm-m >vi , . . . , W2n-m- Here, we identify vector fields whose 
flows preserve the complex structure with holomorphic vector fields via X ^{X — \^—lJX). 

Lemma 4.5. There exists a {Gx)'^ -equivariant local holomorphic chart 

2n—m 

for an invariant open neighborhood Ux ofx, where (Gx)^ acts on the former factor 
trivially and on the latter factor ©y"^'" '^■^ complexified action on 0^"^™ Caj (see 
Section 13). 

Proof Let (jXf : Ux ^ B'"^" x ©2;!-m Corollary 14.41 We sweep the second factor 

p2;j-m complexified action of (G^)*^. Because (px is G^-equivariant and holomor- 

phic, it intertwines the restriction to Ux of the vector fields that generate the complexified 
(Gjc)*^- action on M with the restriction to H)'"^" x if-"^"^ of the vector fields that generate 
the complexified (Gx)'^-action on x 0^"7™ This together with the fact that (Px is 

diffeomorphism between Ux and D'"^" x D^"^'" implies that ^x also intertwines the partial 
flows on Ux and on D™^" x D^"^™ that are generated by these vector fields; in particular, 
it intertwines the domains of definition of these partial flows. 

Let V be an element in {Qx)^- Since ^>x intertwines the partial flows on Ux and D'"^" x 
jf-n-m (.j^^j- generated by X^, 

(Px o exp(Xv) = exp((9x)*^v) o (px 
on a sufficiently small neighborhood of x. This means that 

(4.2) (p.P : = exp(Xv) o (p, o exp(Xv) " ^ = (p^ 

on a sufficiently small neighborhood of x, where [v] G (Gx)*^ = (dx)'^/ Hom(5^ , G^) denotes 
the equivalence class of v G (Qx)'^- Since both (px'^ and (px are holomorphic and (14. 2I ). they 
coincide on the intersection of the domains of definition for (px and (pM because of the 
identity theorem. Namely, we have that 

(pi"' = (Px on Ux n exp(X,) (Ux). 
Let u be another element in (Qx)^- Applying the identity theorem again, we have that 

(pl"' = (pM on exp(X„) (Ux) n exp(Zv) (Ux) . 
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We glue all (p]'' for [v] G (Gx)'^ and get a holomorphic map 

2n—m 

U cpi"^ : U exp(X,)(t/J ^ D™-" X C«,.. 
[v]e(G,)C [v]e(G,)C 7=1 

Since each (pt^ is biholomorphic, the map \J[v]e(G,)'^ ^ ^^'^^^ biholomorphism. More- 
over, U[v]e(G,)c <pi'' is surjective. In fact, for any point p G D™"" x ©]"7™Ca., take £ G M 
to be 

> max{\wj{p)\ | j = 1, . . . ,2n — m} 

and put 

2n—m 

v = £ ^ —\/^v'j where v^- is as (14.11 ). 

7=1 

then we have p G 9!^^ (i/x). 

fvl ? — 

Since U[v]e(Gj:)''^ is a surjective local biholomorphism, the range D"'^" x 0^" T'^a^ 
is simply connected and the domain U[v]e(G^)c6xp(^v)(fA;) of definition is connected, the 

rn^P U§e(g^)C ^'i''^ is a biholomorphism. By the construction of the map [j[v]e{G^)C *P-^^'' 
is (G;c)''-'-equivariant. The lemma is proved. □ 

We set a G'^-invariant open subset 

N{G-x):= U exp(X,)(C/J, 

[v]eGC 

where is as in Lemma |431 N{G-x) is the minimal -invariant open subset which 
contains G x. Thus, N{G-x) does not depend on a choice of Ux and hence N{G-x) is 
unique. 

Lemma 4.6. Le? A'^(G ■ x) be as above. N{G ■ x) contains an open dense G'^-orbit. In 
particular, M contains an open dense G^ -orbit. 

Proof. By Corollary |3.4[ it suffices to show the existence of a point y G N{G ■ x) and ele- 
ments vi , . . . , v„ G 5^ such that X^^ (y) , ■ ■ • ,^v„ {y) are linearly independent over C. 

Let (px-.Ux^ D"'"" X 0^"7"' Caj be as in Lemma |431 Let zi , . . . , Zm-n , wi , . . . , W2n^m 
be the standard coordinate functions of D™^" x 0y^l7'"*^aj- Clearly, there exist elements 
vi , . . . , Vin-„ G g C g"^ such that 

idziiX,..))ix) = 5ij 

where dij is the Kronecker delta. Hence we have that a function on Ux defined by 

JZI A ■ • • A dZm-n{Xv^ , • ■ ■ ,Xy^-„) 
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is not zero on an open subset t/( containing x. It follows from Lemma 14.51 that there 
exist elements Vj , . . . , V2„_„ G C such that the fundamental vector fields are locally 
represented by 

/ — d 



for j = 1 , . . . , 2n — m. And then, a function 

dz\^■■■ ^ dZm-n A Jwi A ■ ■ ■ A dW2n-m (^vj , ■ ■ • , ^v,„_„ , ^v', ^ • ■ ■ ^ ^v. 

In—m 



2n—m 



\ Zn—m 

V^j W 1 ■ ■ ■ W2n-mdz I A ■ ■ ■ AdZm-n{Xy^, . . . , Xv„,_„ ) 

is not zero on the open subset 

= { J G t/i I Wj (y) ^ for all J = 1 , . . . , 2n - m} . 
This shows that X^, ( , . . . , Xy (y) , X^/ ( , . . . , X^/ (y) are linearly independent over C 

1 2n—m 

for y eU", proving the lemma. □ 

Let [) be the Lie algebra of Z^c. The Lie algebra of = G^/Z^c is Q^/i) by 
definition. It follows from Lemma l4~6l that the dimension of g^ is equal to the dimension 
ofM. 

It follows from Lemma |43] that {G_x)^ acts on M effectively. Hence we may regard 
(Gx)'^ as a subgroup of G^. Also, we may regard (Qx)^ as a Lie subalgebra of . 

Lemma 4.7. The vector subspaces q and V— Iflx intersect transversally and span the 
whole space . 

Proof. We shall show that there exist elements vi , . . . , vim-in G g, Vj , . . . , v\^_2^ G (flx)'^ 
and a point yEM such that Xy^ (j), • • . ,Xv2,„_2„(j),X,,/ (j), . . . ,^v;„_2„(3') linearly inde- 
pendent over R. Because if we got such elements, then we have that g + v^— Tg^ = g*^. 
Moreover, thanks to the dimensions of g,gx and g^, we will get that the vector spaces g 
and yf—lQx intersect transversally. 

We will use an argument similar to the proof of Lemma 14.61 Let ^x '■ Ux — D"'^" x 
02n--m Lemma |43I Let zi , . . . , Zm-n, wi , ■ ■ ■ , W2n-m be the standard holomor- 

phic coordinates of D'"-" x ©5"7'"Ca.. Then, 

Zi -|- Zi I — —Zi Zi 

for / = 1 , . . . , m — n form real coordinates of the first factor D™^". 



for j = 1, 2n — m form real coordinates of the second factor ©^"^'"^"j- Since ^_^(G-xn 
f/x) is the subset of points such that x'j =y'j = for all j, there exist elements vi , . . . , V2m-2n G 
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Q such that 

{dxi{X„,))ix) 



1 if k = /, 
otherwise 



and 

(^3^K^vJ)W = |^ othenvise 

for z = 1 , . . . , m — n and = 1 , . . . , 2m — 2n. By Lemma l431 there exist elements Vj , . . . , V2„_„ 
such that 

for J = l,...,2n — m, where we represent X/ with the real coordinates Xi,yi,x'^,y'y We set 
^'in-m+i = -V^v'j for J = 1 , . . . , 2n - m. Then, 

and hence we have 

J^A Jj;.(X,/„Z,,_^.) = -{{x'/ + {y'jf) = -\wj\\ 
Hence we have that 

dxiAdyiA---A dx^-n A dy^-n A dx'^ Ady\A---A -i^n-m A 'ij2n-m 

= ( - l)2'^"'"|wi |2 . . . |w2„-m pfijCl A Jjl A ■ ■ ■ A dx^-n A i^Jm-n 

Since the function 

dxiAdyiA--- A dx^-n A dym-n%'^,Xy^_^^^ , . . . ,Xv„,_„,Xv2„,_2j 
takes the value 1 at x, it is not zero on an open subset LT^ containing x. Thus, the vectors 
^vi ( , • • • , ^v2„-2« (3^) ' (j) . • • • . ^v;„,_2„ ^nearly independent over R for j G G 

U'x I "^jiy) 7^ for all j}. The lemma is proved. □ 
By Lemma 14771 we have a decomposition 

(4.3) 0^ = 0©v^0x©f) 

and 

Now we are in a position to clarify the relation between {G^)'^ and {G^)x- Remark that 
(Gx)*^ can be regarded as a subgroup of {G^)x because (G^)'^ acts on M effectively and 
fixes X. 



18 H. ISHIDA 

Lemma 4.8. (G,)^ = {G^)x- 

Proof. Let v E satisfy exp(Xv)(x) = x. By Lemma l477l there exist unique v' E g and 
v" E Qx such that v = v' + ^f^v" . Since exp(Xv)(-^) = x, exp(X^/) o exp(X^/^^/,)(x) = x. 
Thus exp(Xy/)(x) = X. This together with Lemma |23] shows that v' E g^. Therefore v E 
(Sx)^- This shows that {Gjf-' = (G^)^, proving the lemma. □ 

Now we can show the following which is an analogue of the slice theorem to our situa- 
tion. 

Lemma 4.9. Let cp^ : B"'-" x ©^^7" . be as in Lemma Define yr: x (^^jc 

e%-i"'Ca^^N{G-x)tobe 

Then, \\r is well-defined and a G^ -equivariant biholomorphism. 
Proof. Let i/a: G^ x C«^. -> Uq-x be the map defined by 

for ^ e G^ and V e 0y"7™Cce^.. By definition of yr, xjr is G^-equivariant. To show the 
well-definedness of 1//, it suffices to show that 

V/(l,v) = \ir{h,h-^-v) 

for all h E (G^)*^ and v G 0^"7™Ca. because \jr is G^-equivariant. Since q)^ is (G;,)^- 
equivariant, 

VA(/^,/^-i -v) =/i- (p-i(0,/i-^ -v) = (p-\0,v) = v/(l,v). 

and hence i/a is well-defined. 

Now we show that i// is surjective. To see this, we define a map n: N{G-x) —^G xto 

be 

3; I-)- lim exp{tXy){y), 
where v is the element in 0^ defined by 

2n—m 

v= ^ —\^—lVj and Vj's axe as in (|4.11 ). 

Clearly, K is G^-equivariant and hence 7r{g' ■ p) = g' ■ 7r{p) for all g' E G^ . To see the 
surjectivity of we will see that 

g-n-\x) = n-\g-x). 
Since n~ ^{x) = \pr{l, 0^"7'" C^^. ) , it follows from the definition of i/A that 

g-7t-^{x) C 7t-\g-x). 
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Takey G 7t^ (g-x). Since 7t is G^-equivariant, :;r(^^ -y) = ■ 7t{y) = g^ g-y = y. This 
shows that g^^ - y E n^^{x). Thus, g ■ n^^ (x) D n^^ {g ■ x) . So we have that g- n^^{x) = 
7t^^{g-x) and hence ^is surjective. 

Now we show that if \j/{gi^vi) — ^'^(^2,^2) then there exists h G (Gx)'^ such thatg2 = gih 
andv2 = h-^ -vi. Suppose that yriguvi) = Va(^2,V2). Then, 7t{\if{gi,vi)) = 7t{\ir{g2,V2)). 
Thus, gi-x = g2-x and hence h := gj^gi G {Gx)'^- And we have that 

V^Ui,vi) = \j/{gih,V2). 

Since \j/ is G^-equivariant and h G (Gx)'^, 

(4.4) ijr{\^vi) = g^^ ■ yr{guvi) = g^^ ■ \ir{gih,V2) = yr{h,V2) = yr{l,h-V2). 

By applying (p^^ to (|4.4I) . we have that v\ =h- V2- Thus, V2 — h~^-vi. This together with 
the well-definedness of i// tells us that i/a descends to a holomorphic injective map i//. 

Since is surjective G'''^-equivariant, so is i//. So we have that i// is a holomorphic 
bijective map. Because an injective holomorphic map is a biholomorphic map into its 
image, is a G^-equivariant biholomorphism, proving the lemma. □ 

5. Obtaining fans and their characterization 

Let us recall our setting in Section |4l M is a compact connected manifold of complex 
dimension n equipped with a maximal action of a compact torus G of real dimension m. For 
such a manifold, we have shown that there exists a "nice" tubular neighborhood N{G ■ x) 
of a minimal orbit G • x (see Lemma |4!9| ). 

We set 

N:= IJ A^(G-Jc). 

G x: minimal orbit 

By definition of N, N is a G^-invariant open dense submanifold of M because A'^ contains 
the open dense orbit of G^ (we will show that A'^ is the whole manifold M in Section |7]). 
For any subgroup G' of G C G^, each connected component of fixed point set A^^ is a 
complex submanifold of A^. 

Definition 5.1. A characteristic submanifold N' of A^ is a complex 1-codimensional con- 
nected component of fixed points N'^^' for some 1 -dimensional subtorus G^^/ of G. 

Remark 5.2. In case m = 2n, M has no characteristic submanifold because G acts on M 
simply transitively and hence M is a compact complex torus. In this case, all assertions in 
this section are tautological, trivial or do not have any sense. From here until the end of 
this section, we assume that m <2n unless otherwise stated. 

To clarify the characteristic submanifolds, we shall see the isotropy subgroup at a point 
in A^(G ■ .x;) . By Lemma 1431 each A^(G ■ x) is G^-equivariantly biholomorphic to 

2n—m 
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For [g, (Vl , . . . , V2n-m)] G^" X ej^^" C«. and/ G G, ifg' ■ (Vl, . . . , V2m-n)] = [g,{Vi,..., V2„ 

then / should be an element of G^. Suppose g' e G^. Then, 

8'-[g^ (vi,...,V2„-m)] = (al(/"Vb•••.«2m-«(/"V2«-m)]• 
Therefore, the isotropy subgroup at [g, (vi, . . . , V2n-m)] of G is 

U'GG,|a;(/) = lifv,^0}. 

Conversely, for any subgroup F of Gx, the fixed point set N{G ■ x)^ is G^-equivariantly 
biholomorphic to 

{[g, (vi, . . . , V2„-m)] I ^; = if there is some g' E F such that (Xj{g) ^ 0}. 

So N{G-xY has complex codimension 1 if and only if aj\f = I for all j except one Jq. 
Recall that ©JlV"^«, = T^M/T^{G-x) is a faithful G^-representation. Since ©^"^'"Ca. 
is faithful, we have an isomorphism (tti, . . . , 0C2n-m) '■ Gx (5i)2n-m 

n—m 

Now we suppose that the subgroup F is 1 -dimensional subtorus of G and consider the codi- 
mension of N{G-x)^. Let Tj be the j-th 1-dimensional coordinate subtorus of (5^)^"^'". 
The observation above implies that Uq,^ has complex codimention 1 if and only if F = 
(oci, . . . , (X2„-m)^^iTj) C Gx C G for some j = 1, . . . ,2n — m. It turns out that N{G- x) in- 
tersects exactly 2n — m characteristic submanifolds of N. It follows from the compactness 
of M and Lemma |23] that there are at most finitely many characteristic submanifolds of A^. 

Let Ni, . . . ,Nkhe the characteristic submanifolds of X and let G, be the 1-dimensional 
subtorus of G which fixes A'',- pointwise for each i. We define a simplicial complex E on the 
vertex set { 1 , . . . , fc} and vectors A, G Hom(5' , G) C as follows. We set 

IC{l,...,k}\f]N,y^id 

We assign a homomorphism A, : 5^ — )■ G/ to each characteristic submanifold A^, to be 

(5.1) {Xiih)),iv)=hv, 

where v is any normal vector TNl^./TNi and h E S^. 

Lemma 5.3. For each / G E, is a part ofL-basis o/Hom(5\ G). 

Proof. Let / G E. By definition of E, Oii^jNi is nonempty. Let p G n,e/^i- By defini 
tion of A^, there exists a minimal orbit G x such that N{G-x) 3 p. Let i//: G^ ^{G.f 

2n—m 



0^." —7- N{G-x) be as in Lemma |4~9| By definition of A,, there exists an injection 

p : / — 7- { 1 , . . . , 2n — m} such that 



(5.2) a;oA/(/7) 



1 ifp(O^J, 
ifp(z) = ;. 
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Since (tti, . . . , (X,2n-m) '■ Gx — )■ (5i)2«-™ is an isomorphism, (oci, . . . , a2„-m) is a Z-basis of 
Hom(Gx, S^). Thus, {^1)1^1 is a part of dual basis of (oci, . . . , (X2„-m) and hence it is a part 
of basis of Hom(S^ , Gx) ■ Since Gx is a subtorus of G, Hom(5^ , Gx) is a direct summand of 
Hom(5^ , G) . Therefore, ( A,)/^/ is a part of Z-basis of Hom(5\ G) , proving the lemma. □ 

By Lemma [53l for each / G E, the cone 

C/ := pos(A/ I z G /) := < ^a,A, | a,- > > C g 

J 

in g spanned by A/ is nonsingular. We will see that the collection A = {C(/) | / G E} of 
nonsingular cones becomes a fan later. 

Remark 5.4. In case m = In, there is no characteristic submanifold and hence E = {0} and 
Q = {0}. Thus, A is a fan consisting only the origin {0} in g. 

As well as toric varieties, Hausdorff-ness of tells us that the collection A of nonsingular 
cones does not have overlaps, that is, A is a fan. Let ^ be a point sitting in the free G^-orbit 
in A^. For each v G g, we consider the curve 

cl: R^N 



that is given by 

For each / G E, we set 



Cg(r) := exp(-r7Xv) (<?) for r G 



Y^aX I a,- > I C g. 
j^i J 

C; is the relative interior of the nonsingular cone C/. 



Lemma 5.5. The curve c^qij) converges to a point in Nf as r approaches to if and only 
ifvG C'j. Moreover, in this case the limit point q' belongs to N{G-x) for every minimal 
orbit G ■ X such that N{G ■ x) (iNj ^ id. 

Proof. Suppose that v G C^. By definition of E, Nj is nonempty. By renumbering character- 
istic submanifolds, we may assume that / = { 1 , . . . , £} without loss of generality. Let G ■ x 
be a minimal orbit such that N{G-x) meets M , . . . ,N2n-m- By Lemma [531 Ai , . . . , A2„-m 
form a basis of Hom(S^ , Gx) because dim Gx = 2n-m. Let i// : G^ x i^q^ -^c 0^"7'" C^^ 
N{G-x) be as in Lemma l49l By renumbering a/s, we may assume that (tti, . . . , a2n-m) 
is the dual basis of ( Ai , . . . , A2„-m) • Then, 

{2m— m 
wi , . . . , W2M-M.] G G^ X (c^^)c Caj \wj = 
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and hence 

Xir-\N{G.x)nNf) = l[g,wu....W2n-^]\wJ=l f ^' ^ J ' ' ' ^' , ]■ 

1 It^O for j = i + I, . . . ,2n — m \ 

Suppose that i//^^ (^) is represented as 

2n—m 

[g, ^1 , . . . , q2n-m] e X ((j^)C C«^. . 

Then, 

V^"^K('')) = [-rV^v] ■ [g,qu...,q2n-m] 
= [g- [rv^v] , ^1 , . . . , qm-m] 

where [— v^^v] G (Gx)'^ = (0.,:)'^/Hom(5\ G^) denotes the equivalence class of — -^A-Tv G 
■\/^gx- Since v G C°, the pairing (aj,v) is positive for j = 1,...,£ and for j = i + 
1 , . . . , 2n — m. Since q sits in the free G^-orbit, <?i , . . . , qin-m are not zero. Therefore, 

lim v/"^(c^(r)) = [^,0,...,0,<5r^+i,...,^2«-m] 

and hence lim,-^_oo c^(r) G A/^. 

Suppose that the curve c^(r) converges to a point ^' in A^y . Let G ■ x be a minimal orbit 
such that N{G-x) contains q' . As before, we may assume that / = { 1 , . . . , £} and the char- 
acteristic submanifolds that meet N{G-x) are exactly N\, . . . ,N2n-m- Let i//: ^(Gj:)^ 
02n-m A^(G ■ jc) be as in Lemma 1431 We also sort oc/s to be tti , . . . , a2n-m form the 

dual basis of Ai , . . . , ?i2n-m- We show that v should be in first. Suppose that \i/^^{q') is 
represented as 

2m— m 

0, . . . , 0, , . . . , ^'2.+„] G X (c,.)C Caj . 

7=1 

We consider the projection n: G^ x^^^^c ®5"7'"Ca. ^ G^/{G^)^ (this :/r is essentially 
same as ;r in the proof of Lemma I4.9I ). We have that 

n o V/-1 (exp(-rX,)(^0) = W - [v^v]], 
so y/^v should be in (Qx)^ + f)- Otherwise, it contradicts the assumption that q' is the 
limit point. Since (Qx)^ + f) is a complex vector space, \^^v G (Qx)'^ + f) implies that 

V G (Qx)^ + t)- For V G 0, it follows from the decomposition (14.31 ) and v G (gx)^ + f) that 

V G Now we suppose that \]/^^{q) is represented as 

2n~m 

[g,qi,..., q2n-m] eG^ X (G^.)C Caj 
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as before. Then, as we calculated before, 




Thus, {cCj.v) should be positive for j= 1, and (0Cj,v) should beOfor 7 = 1, . . . ,2n — 




which was introduced Lemma 15.31 below is a fan, that is, every face of every cone 
in A is itself in A, and the intersection of every two cones in A is a common face. 

Proof. Part (1) follows from Lemma 1531 because the sets are disjoint. Part (3) follows 
from Part (2). 

For Part (2), we only need to show the inclusion C/ fl Cy C C/nCy because the opposite 
inclusion is trivial by definition of C/. Let v G Q fl Cj. Let /' C / and 7' C 7 be the subsets 
such that V G Cj and v G Cj,. Then v G Cj n Cj, and hence /' = / by Part (1). Therefore 
V G cj*, = Cy, C C/ny, proving the corollary. □ 

Lemma 5.7. For every / G E, the set Nj is a complex submanifold ofN of complex codi- 
mension it is connected, and it contains a minimal orbit. 

Proof Fix / G E. 

Because each of the sets A^,-, for z G / is a closed in A^^, so is the intersection Nj of these 
sets. 

is the union of open subsets N{G-x) and every intersection N{G-x) DNj is a G^- 
invariant complex submanifold of codimension / in A'^. It remains to show that Nj is con- 
nected and contains a minimal orbit. 

Choose any v G Cj* (for example, we may take v = ^i)^ ^^'^ choose any q in the free 
G^-orbit in N. By Lemma [531 the curve Cq{r) converges as r — )• —00; let q' be its limit. 
Also by Lemma [531 for every minimal orbit G ■ x such that N{G-x)r]N] ^(d, the limit point 
q' belongs to A'^(G • x). Because Nj is the union over such G-x of the subsets N{G-x)r]Nj 
by definition of A'^, and because each of these subsets is connected and contains q', the 
union Nj is connected. Also, every minimal orbit G ■ x such that N{G-x)r]Nj 7^ belongs 
to A^(G ■x)r]Ni; because the set of such G ■ x's is nonempty, Nj contains a minimal orbit. 
The lemma is proved. □ 




m. This shows v G Cj, proving the lemma. 



□ 




Corollary 5.8. In the fan A, every cone is contained in aln — m-dimensional cone. 
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Proof. Every cone in the fan A has the form C/ for some / G E. By Lemma dTtI the set Ni 
contains a minimal orbit; let Gxht such a minimal orbit. As we saw in Lemma 153] above. 
N{G ■ x) intersects exactly 2n — m characteristic submanifolds which contain G ■ x, say A^^ 
for 7 C { 1 , . . . , fc} with |7| =2n — m. Then 7 G E, and Cy is a 2n — m-dimensional cone in 
A that contains Cj, proving the corollary. □ 

Now we consider the quotient map N N/G and compose it with c^. Then, we have a 
curve 

c^: R^N/G. 

For vi, V2 G 0, it follows immediately that Cq^ = c^q if and only if vi — V2 G ^/—Iq + f). 
Define an M-linear map 

7: 0^0^/0 by7(v) = [v^v], 
where [-\/^v] G 0^/0 denotes the equivalence class of ^/—Iv G 0^. 

Lemma 5.9. Let J be as above. 

(1) 7 sends a cone Cj to a cone of the same dimension. 

(2) The image of the fan A by J is also a fan, that is, the collection of cones {7(C/) | 
/ G E} is a fan in 0^/0. 

Proof. For Part (1), by the fact that 7 is M-linear and Corollary 15.81 we only need to show 
that the cone 7(C/) such that |/| = 2n — m has dimension 2n — m. Suppose |/| = 2n — 
m. Then, Ni is a minimal orbit because Ni contains a minimal orbit by Lemma 15.71 and 
dimNj = 2n — 2{2n — m) = 2m — 2n. hetx G Nj. By Lemma [531 is a basis of 0^ over 

M. Since the cone C/ is spanned by A/ for i G /, it suffices to show that the restriction J\q^ 
is injective. Since 0^ = © by the decomposition (14.31) . 7|g^. is an isomorphism, 

proving Part (1). 

Suppose that 1{C^) nJ{C]) 7^ and / 7^ 7. Then, there exist vectors u G and v G 
such that 7(m) = 7(v), that is, m — v G v^— 10. Since u — vE -\/— Ig, the curves Cq{r) and 
Cq{r) coincide. Since the curves c^(r) and c^(r) converge to points in Nj and Nj as r 
approaches —°° respectively by Lemma 153] and N/G is Hausdorff, the curves Cq{r) and 
c^(r) also converge to points in N^/G and Nj /G respectively. This contradicts the fact that 
the curve c^(r) coincides with c^(r). Therefore 7(Cy) nJ{Cj) = for / 7^ 7. Using the 
same argument as in the proof of Corollary 15.61 Part (2) is proved. □ 

Lemma 5.10. The fan 7(A) := {7(C/) \ I E L} is a complete fan in 0^/0. 

We will deduce Lemma [5TT0] from the compactness of M. We begin by proving a special 
case: 

Lemma 5.11. Let M' be a compact connected complex manifold of real dimension 2n 
equipped with a maximal action of compact torus G' of dimension 2n — \. Then, M' con- 
tains exactly two minimal orbits and one free G'^ -orbit. 
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Proof. It is obvious that M' contains a free G'^ -orbit. 

Since M' is a complex manifold, M' is orientable. Consider the dimension of each orbit 
G' x. By the inequality (1231) . 

l{ln - \) - In = In -1 < dimG' ■ X. 

Since dimG' = 2n — 1, we have that dimG' ■ x = 2/7 — 2 or 2n — 1. 

In case dimG' = In— I, the isotropy subgroup G^ is finite and AimTxM' /Tx{G' -x) = 1 . 
Since M' is orientable and AimTxM' /Tx{G' -x) = 1, G^ should be the trivial subgroup {1}. 
Therefore G' ■ jc is a free orbit. 

In case dim G' ■ x = 2n — 2, the orbit G' • x is a minimal orbit. 

The quotient M' /G' is a real 1-manifold with boundary; its boundary is exactly the 
image of the fixed point set by the quotient map. Because M' is compact and contains at 
least one minimal orbit, and by the classification of 1 -manifolds, the quotient M' / G' must 
be a closed segment. Because a closed segment has the boundary which consists of exactly 
2 distinct points, M' contains exactly 2 minimal orbits, proving the lemma. □ 

Lemma 5.12. Every 2n — m—\ -dimensional cone in A is contained in exactly two 2n — m- 
dimensional cones in A. 

Proof. Let Cj be a 2n — m — 1 -dimensional cone in A. Let Gj be the subtorus of G that is 
generated by the circles G, for i E I. By definition of G/, dim Gj = 2n — m—l. By Lemma 
15. 7[ Ni is a connected complex manifold of complex dimension m — n + l, equipped with 
an effective action of the compact torus G/G/ of dimension 2m — 2n+l, which preserves 
the complex structure on Nj. We will now show that Nj is compact, and will deduce Lemma 
15. 121 from Lemma lS.l II 

First note that Nj is a connected component of the fixed point set of G/ in A^. This follows 
from the facts that Nj is connected by Lemma 1577] and that, for each of the subsets N{G-x), 
if N{G-x)r\Nj ^0 then it is a connected component of the fixed point set of G/ in N{G-x). 
Let Mj denote the connected component of the fixed point set of Gj in M that contains Nj. 
By definition, Mj is a complex manifold equipped with an effective action of the compact 
torus G/Gj which preserves the complex structure on Mj. By Lemma [5771 Nj contains a 
minimal orbit G • x with respect to the action of G on M. Since dim G x = 2 dim G — dimM, 
dimG-x = 2 dim G/G/ — dimM/ and hence the action of G/G/ on Mj is maximal. By 
Lemma lS.l 1[ Mj contains exactly two minimal orbits, say G x and G y. The intersection 
N{G-x) DM J, being a G^-invariant tubular neighborhood of Gx, must be all of M/\G-3^, 
because A/' consists of three G^-orbits by Lemma lS.l II Similarly, N{G-y) DMj is all of 
Mi\G-x. This impUes that Ni = M/. 

Nj contains exactly two minimal orbits G ■ x and G ■ y. The minimal orbit G ■ x (respec- 
tively, G-y) is the intersection of exactly 2n — m characteristic submanifolds A^, for / G / 
and for some Iq ^ / (respectively, ii ^ /). Therefore, /U {?'o} G E and /U {/i} G E and 
hence C/ C G/u{;q1, G A and C/ C C/uj;,} G A. The lemma is proved. □ 



Now we are ready to prove Lemma 15.101 
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Proof of Lemma ITT/Ol Let |7(A)| denote the union of the cones in 7(A) := {J{Ci) \ I E E}, 
and let \J{A)^"-'"-^\ denote the union of the cones in 7(A) that have codimension > 2. The 
complement g^/g \ |7(A)^"^™^^| is connected, open and dense in g^/g. 

By Lemma I5.12[ the union of the relative interiors of the cones of 7(A) of dimension 
2n - m and of 2n - m - 1 is open in g^/g. The union is |7(A)| \ \J{Af"-'"-^\. Thus, 
|7(A)| \ |7(A)2"-^-2| is also open in g^/g \ |7(A)2"-'"-2|. 

But because |7(A)| is closed in g^/g, we also have that |7(A)| \ \ J{A)'^"^'"^'^\ is closed 
ing^/g\|7(A)2«-'^-2|. 

Because |7(A)| \ |7(A)2"-'"-2| is open and closed in /q\\J{A)^"-"'-^\ and g^/g\ 
|7(A)2"^'"^2| is connected, we have that |7(A)| \ \ J{A)^"^'"^^\ is either empty or is equal 
to all ofg^/g\|7(A)2«-'""2|_ 

Because, by assumption, M has a minimal orbit, A has at least one 2n — m-dimensional 



cone, 7(A) has at least one 2n — m-dimensional cone, so |7(A) | \ |7(A) 



2n— m— 2 I 



So |7(A)| \ |7(A)2"-'"-2| is equal to all of g^/g \ |7(A)2"-'"-2| 
g^/g, we deduce that |7(A)| = g^/g, as required. 



is not empty. 



Taking the closures in 

□ 



Using 7, we can characterize the fan A and the Lie subalgebra I). We have two short 
exact sequences and one projection: 











Y 

ker7^ 











¥ 



M 







0^/0 



where the surjection g^ — )■ g is induced by the quotient map G — )■ G — G /Zqc and 
p: g^ — > g is the first projection g*'-' = g © v^— Tg — > g. In order to make the diagram above 
commute, we define p' : 9^ / 9 by p'{v) = [a/^v], where [V— Iv] G g^/g denotes 

the equivalence class of \/—\v E g^. Then, the square of the right side of the diagram 
becomes commutative. So we have that p(f)) C ker7. Therefore, we have the following 
commutative diagram 











p\f, 
ker7^ 



0^ 







0^/0 



M 







0. 



Lemma 5.13. The map : f) — )■ ker7 is an isomorphism. 

Proof. By the snake lemma, we have an exact sequence 

— )■ ker(p|(,) — )■ kerp — )■ kerp' — )■ coker(p|(,) — )■ cokerp = 

because p is surjective. In order to show that p\\-^ is an isomorphism, it suffices to show 
that the map of middle ker p — )■ ker p' is an isomorphism. By definition of p and p' , ker p = 
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V—^d C q'^ and kerp' = v^^g C g^. By the decompositions (14.31) . we have that g'^ = 
V—ig © 0x © f) and g^ = \/^g © gx- Since the quotient map g'^ g^ kills only the factor 
of [), its restriction ker p kerp' is an isomorphism. The lemma is proved. □ 

Corollary 5.14. Let q: g ^ g/p{^) be the quotient map. Then, the collection ^(A) := 
{q{Ci) I / G E} of cones is a complete fan in g/ p{i)). 

Proof By the group homomorphism theorem, the surjective map 7 : g — )• g^/ g descends 
to the isomorphism 7: g/ker7 — )■ g^/g. Since p{i)) = ker J by Lemma l5T3l the vector 
space g/ ker 7 is exactly g/p(f)) . By the fact that the quotient map q: g — g//'(f)) coincides 

with the composition ^7^ o 7 and by Lemma [5. 101 we have that q{A) is a complete fan 
in g//) ( f) ) , as required. □ 

6. Transition functions and principal bundles 

Let M be a compact connected complex manifold of complex dimension n equipped with 
a maximal action of a compact torus G of real dimension m, which preserves the complex 
structure on M. For such a manifold, we defined a -invariant open dense submanifold 

N=\JN{G-x) 

Gx 

of M in Section [51 Let Ni,. . ..N^ be the characteristic submanifolds of N. Since each 
minimal orbit G ■ x meets exactly 2n — m characteristic submanifold Ni for z G /, |/| =2n — m 
and Ni = Oiei^i connected by Lemma [5771 G- x = Nj for some / G Z, |/| = 2n — m. 
Conversely, Nj for / G E, |/| = 2n — m is a minimal orbit in A^. For each subset / C {1, . . . 
we set 

{N{G-x) if A^/ = G-x, thatis, |/| =2n-m, 

Uji Otherwise. 
/C/'eS,|/'|=2n-m 

By definition of Ufs, Ui CUj if and only if / C 7. 

By Lemma [4^91 there exists a G*^-equivariantly biholomorphism 

2n—m 

where each C^^ is a 1 -dimensional representation of (Gx)*^. 

Let G/ be the subtorus of G generated by G,, i G /. Let A/ be as (|5.1I) . By Lemma [53l 
is a Z-basis of Hom(5\G/). Let {ocj)i(^i be the dual basis of (A,)/^/. By definition 
of Xi, each aj should be one of aj, i G /. So we may replace the domain of definition and 
the range of Xjr by 



28 H. ISHIDA 

if |/| = 2n — m. Let qhe a point in the free G^-orbit on A^. By scaling yf with an element 
of G^, we may assume that 

where (l),e/ denotes the point in 0,£/Cj^/ whose all coordinates are 1. 

Now we fix the point q sitting in the free G^-orbit on A^^. For each / G E such that 
|/| = 2/1 — m, we have a G^-equivariant biholomorphism 



such that V/'([l, (l)/^/]) =q. For arbitrary 7g E, we want to construct such a G^-equivariant 
biholmorphism i//> whose range is Uj. We begin from the following lemma. 

Lemma 6.1. Let / G E, |/| = 2n — m. Let I' C /. Then, the preimage ofUf by y/j is 

{[g: izdia] e G^ X(G,)C 0C„/ I ^ Ofor i i /}. 

Proof. By definition of ?7// and A^)), A^j) n t/// 7^ 0. Let ;? be a point in A^j) n i7// and let 
^Y^[p) denote 

[/,(z:),-dGG^X(e^)C©C«.. 

Since p G A^j! n t///, = for / G Since i7// is a G^ -invariant open subset of i7/, we have 
that 

WY\Uv) ^ {[^, e X(G,)c ©C«/ I Zi + for i i I'}. 

Conversely, for / G E with |/| = 2n - m, Nj nUj ^ Q) if and only if 7 C /. Since 7(A) is 
complete by Lemma lS.lOi E is a sphere triangulation such that the link of each simplex is 
also a sphere triangulation. Since link^/' is a sphere triangulation, there is no vertex {j} in 
links/' such that {j} intersects all simplices in link^/'. Therefore, the intersection 

n ' 

/eZ,|/|=2n-m,/'c/ 

is exactly By definition of Uj and the fact that Nj^Uj ^% if and only if 7 C / for 7 G E 
with |/| = 2n — m, we have that Up fl A// 7^ if and only if 7 C This means that 

(6.1) Ui\y}N,^Ur. 

Applying to (16.11 ). we have the opposite inclusion 

y\'i\Ur) C {[^, (z,)/d G X(G,)C ©C„. I Zi ^ for / i /}, 

proving the lemma. □ 
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For arbitrary /' G E, we also denote by G// the subtorus of G generated by G/ for / G 
Then, (A,),^// is a Z-basis of Hom(5\G//) by Lemma [53l We also denote by (a/ ) the 
dual basis of (A,);^//. 

Lemma 6.2. Le? / G E, |/| = 2n — m. Le? /' C /. The open subset 



ofG^ 

^ (G/)C '■^ -equivariantly biholomorphic to 



Proof. Define a map 



by 



0/',/ : I (zO.e/) G X I ^ for / ^ / I ^ G^ X ( 



a! 



The map 0// / descends to a G -equivariant holomorphic map 

Oi'j : I izdrei] e G^ X C„/ | ^ for / ^ / I ^ G^ x (g^,)c 

definedby = [sUiaV ^iizi),{zi)iei']- 0/',/ is well-defined because [g, {zi)ia] 

[gUiaV ^iizi),iwi)ia], where 



Zi if iel', 
1 otherwise. 



Define another map 



S/',/ : G^ X C^, ^ I (g, izd.a) G G^ x C„z | ^ for / ^ / 1 

by /(^, {zi)i^ii) := (g, where w,'s are as above. We claim that the map E// / also 

descends to a G'^-equivariant holomorphic map 

^i',r- G''x(G,)^©C«/' ^ GG^X(c^,)c0C«Hz,^Ofor/^/'l 
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defined by !§/',/([,?, (ZiO/e/']) = [8:{wi)iei]. To see the well-definedness, take any element 
h e {G',)^. Since be the Z-basis of Hom(5^ G//) C Hom(5\ G/) and aj be the dual 

basis of 

, fa/'W if,-./' 

^ |l if/G/\/'. 

Thus, by direct computation, 

Efj{gh,{af{h)-hi)ia') = {gh,al{h)-^Wi)ia- 

So (^// / is well-defined. 

It follows from direct computation that both compositions 0// / o i and i^// / o j are 
the identities. Therefore 0// / is a G^-equivariant biholomorphic map, as required. □ 

Let /' C / G E such that |/| =2n — m. By Lemmas [6.11 and \62[ the composition 

is a G^-equivariant biholomorphism such that \j/ji^{q) = [1, (l)/e/'], where ^ is the point 
in the free G^-orbit which we fixed. Yp^ does not depend on the choice of / G E with 
|/| —2n — m; because Yp^iQ) determines the values of all points in the free G^-orbit and 
the free G^-orbit is open dense in A'^. 

For every / G E, now we have a G^-equivariant biholomorphism 

Xifj-': /7/^G^X(G,)C0C«/ 

such that \]/j'^{q) = (1, (l),e/). If 7 C / g E, then Uj CUj and the composition 
Xifr'oxiTj: G^X(c^)C©C„.^G^X(c^)C©C,. 



is a G^-equivariant open inclusion. We represent this explicitly for later use. 
Lemma 6.3. 

where 

\zi ifieJ, 



Wi 



1 otherwise. 



Proof. First, we check the well-definedness of the mapping. Let h G (Gy)"^. Then, as well 
as the proof of Lemma lOl 



[gh,ial{h)-'wi)ia] = [gh,{w',),a], 
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where 



'I 



1 otherwise. 



J a{{h) ^zi if /€/, 



Therefore the mapping is well-defined. 

Clearly, the mapping is G^-equivariant. Since o i///([l, (1 = [1,(1),£/] and a 
G^-equivariant map G^ X(g^)C 0,eyC„7 ^ G^ X(c^)c ©/e/C„/ such that [l,(l)/ey] ^ 

[1, (!);£/] is unique because G*^ ■ [1, (l)/ey] is dense, 1//^"^ o is of the form as in Lemma 
I6.3[ proving the lemma. □ 



Now we can reconstruct A'^ from G x (^q^-^c 0,e/ C^/ for all / G E. We consider the 
quotient space 

(6.2) uf<^''x(G.)c©C«A/~ 

/e/ \ ia / 

of the disjoint union of x ^^q^-^c 0,£/ C^/ for all / G E, where ~ is the equivalence 
relation generated by the following: 

For y C / and [g, {zi)u] e G^ x (g,)C C^j, 

[g, {z^)^eJ] ~ [g, Ma] e G^ X(G,)C 0C„/, 



where 

if i G 7, 



Otherwise. 

It follows from Lemma |63] that the quotient space |J/e/ (g^ x (G/)c *^a^) / ~ is G 
equivariantly biholomorphic to A^. 

Thanks to this gluing reconstruction of A^, we can construct a G'^-equivariant principal 
Z(jc-bundle over whose total space is a toric variety. Since — G^/Zqc by definition, 
we have a G'^-equivariant principal Z^^c -bundle 

G^X(G,)C©C,,^G^X(c^)C©C„. 

for all / G E. 

Lemma 6.4. T/ze fotoZ space is an affine toric variety corresponding to the cone Cj G A. 
Proof. Let gj denote the Lie algebra of Gj and let tj be the annihilator of g/ in q*, that is, 

ti = {aEQ*\ (a,A) =OforalU G qi}. 

Since 0/ is spanned by Hom(5\ G/) and g is spanned by Hom(5\ G), we can take a basis 
/3i, . . . ,/3„j_|/| of so that each /3; sits in Hom(G,5^) C g*. For each aj G Hom(G/,5^), 
we take aj G Hom(G,5^) to be ajloi = ocj. 
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The affine tone variety eorresponding to C/ is equivariantly biholomorphie to (C*)™ 1^' x 
C' equipped with the action of defined by 

g • (mi , . . . , M„_|/| , {vi)ia) ■.= {l5i{g)ui,..., (g)M^_|/| , {aj{g)vi)ia) , 

where denotes the vector space C'^' indexed by /. 

The homomorphisms /3i, . . . ,/3„_|/|, a/ for / G/formabasisof Hom(G,5^). Let [ii,.. . A, 
for / e / be the dual basis of /3i , . . . , j8„_|/| , ccj for / e 7. Define a G*^-equivariant holomor- 
phic map 

dr. (C*r-l^lxC^^GCx(c^)C©C„. 



i€l 



by 



0/(Ml,...,M^_|/|,(v,);e/) = 



•m-|/| 

n ^Mj)M)iei 



We also define a G'^-equivariant holomorphic map 



by 



V^/([^,fe)/e/]) = (/3lU),-.-,j8„_|/|U),(«/U)z,-)/e/)- 
First, we shall see that xj/j is well-defined. Let h G (G/)*^. Then, 

(j8iU/i), . . . ,j8^_|/|U/i), (a/U/j)a/ W-'zi)iE/) = (jSiU), • • • ,i8«-|/|U), («/U)z/)iE/), 

because j8j G implies that Pj{h) = 1 for each j and oc/Ig/ = by definition of aj. 

Therefore is well-defined. 
By direct computation, we have 

Yi odiiuu . . . ,u^_\iu{vi)iei) 



= Wi 



'm-\I\ 



Vi 



7=1 



7=1 

= (Ml,---,Mm-|/|,(v/);e/), 

because jUi , . . . , ^ ^^e the dual of j8i , . . . , j8„_|/| , a/. Similarly, 
QioWii [g, (zOie/] ) = 0/ (j8i (g) , . . . , j8^_|7| (g) , (a/ 



7=1 
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Since 



n ^jWs)) U^.i^!{g)) ]=g and Yl^^ialig)) G (G,) 



7=1 



we have 



m-l/l 



ll^j{Pj{g)),{a{{g)z,).ei 





=1 

















-1 



iei. 



Since {OLl)iei is the dual of (A,)/e/, we have 



These computations show that both 9j and Xj/j are biholomorphism. The lemma is proved. 

□ 

If a cone Q G A is a face of a cone Q G A, the inclusion Cj C C/ induces an equivariant 
open embedding of the affine toric variety corresponding to Cy into the affine toric variety 
corresponding to Q. By Lemma [64l both toric varieties are biholomorphic to 

G'^X(G.)C©0 and gCx(c^)C©C„_.. 



Lemma 6.5. The open embedding 



is given by 
where 



Wi ^°Wj{[g:{zj)ja]) = [g.{wj)jei\ 



Wi 



Zi ifi G J, 
1 otherwise. 



Proof. An almost same argument as the proof of Lemma l6 .3 1 works . We omit the detail. □ 

By the construction of toric variety associated with A and by Lemma |631 we have a toric 
variety as a quotient space 

(6.3) X(A):=UG^X(e^)C0C„./^, 
where ^ is the equivalence relation generated by the following: 
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For y C / and [g, (z,) ^j] e x (g^)c C^j, 
where 

Zi- if / e 7, 



1 otherwise. 



Lemma 6.6. T/zere exists a G -equivariant principal ZQC-bundle 

X{A)-^N, 

where X (A) denotes the toric variety associated with A. 

Proof. As we saw in this section, is G^-equivariantly biholomorphic to the quotient 
space as (I6.2I ). For each / G E, the quotient map G*^ — induces a G'^-equivariant 
principal Z^jc -bundle 



G^X(G,)C©C,.^G^X(c^)C©C,. 



Since the gluing maps Xj/j'^ o\]/j onN and ^^^^ o on X(A) commute with the projections, 
that is, the following diagram 



G X (c^)c C^j ^ G X ((j^)c 0,£/ C„/ 

is commutative by Lemmas 16.31 and 16.51 the quotient map G^ — ^ G'^ induces the G^- 
equivariant principal Z^c -bundle 

X(A) = □ G^ X (c^)c © C,,/ U G^ X (c^)c © C„./ ~- A^, 

proving the lemma. □ 

Corollary 6.7. N is G^ -equivariantly biholomorphic to X(A)/Z(jc. 

Proof. The corollary follows from Lemma l6^ immediately. □ 

7. Quotients of nonsingular toric varieties 

Let M be a compact connected complex manifold of complex dimension n, equipped 
with a maximal action of a compact torus G of dimension m which preserves the complex 
structure on M. So far, we defined a G^-invariant open submanifold A^ and assigned a non- 
singular fan A to A^ in Section [51 The fan A and the Lie algebra f) of the global stabilizers 
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Zqz of the complexified action of on M were characterized by Lemma l5.13l and Corol- 
lary 15.141 We saw that A'^ is equivariantly biholomorphic to X{K)/Zqc in Corollary 

In this section, we give an inverse correspondence, that is, for a pair (A, fi) of a nonsin- 
gular fan in q and Lie subalgebra t) of g*^ which satisfies certain conditions, we construct 
a compact complex manifold equipped with a maximal action of a compact torus which 
preserves the complex structure of the manifold. 

As before, we denote by G a compact torus of dimension m, by g the Lie algebra of 
G, by g*^ the complexification g ©r C = g © v^—Tg, and by G^ the complex Lie group 
gC/Hom(5i,G). 

Lemma 7.1. Let [} be a complex subspace ofgp and let p: g^ — )■ g be the projection. Sup- 
pose that /)|[, is injective. Then, the image exp(fi) o/fi by the exponential map exp: — )■ 
G^ is closed in G^. 

Proof. Let p' : g''-- = g © \^—lg — t- v^— Tg be the 2nd projection. We see the injectivity of 
jc'lf, first. Let u + y/—lv E f) such that p'{u + \/— Iv) = 0, where we represent the element 
u + v^^v G f) with M, V G g. Since p'{u + v^— Tv) = 0, v = and hence m G f). Since [) is a 
complex subspace, y/^u is also an element in t). Applying the first projection p, we have 
M = because p\^is injective. Therefore, u + \^^v G f) should be 0. So p'lf, is injective. 
Thus, there exists an M-linear isomorphism 

s: p'H))^i) 

such that the composition p' os is the identity. Since g*^ = g © v^— Tg, we have 

[] = {po5(v/^v) + v^vGg©v^g I v^vG/(fi)}. 

By definition of G*^, G^ can be identified with G x -^A-Tg. Under this identification, 

exp(f)) = {(^,v^v) G Gx v^g U = exp(po5(v^v)),v^vG/(f))}. 

Since p'{^) is closed in v^^g and hence in G'^, and the mapping {g, y/^v) t-)- g ■ exp(p o 
s{^/^v))^^ is continuous, exp(f)) is closed in G^, as required. □ 

Let f) and p: g"^ — )■ g be as Lemma ITTl Assume that is injective. By Lemma ITTl the 
image of fi by the exponential map is closed. We denote it by H. H is a complex connected 
Lie subgroup of G^. 

Let A be a nonsingular fan in g and let Ai , . . . , Ayt G Hom(5' , G) be the primitive elements 
such that each A,- generates a 1 -dimensional cones in A. Define an abstract simplicial 
complex 

E:= {/C {1,...,^:} |C/ = pos(A/ | /G/) G A}. 
For each / G E, we set the subspace 

0/ := S Y,'^'^' \<^i^^\ 
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of g which is generated by A,- for i G /. Let G/ be the subtorus of G whose Lie algebra is 
Qj. Since A is nonsingular, A, for i E I form a basis of Hom(5^ , G/) . Let aj E Hom(G/, S^) 
denote the dual basis of A,- for / E I. Then, by Lemma [64l the affine toric variety associated 
with Cj is G^'^-equivariantly biholomorphic to 

Lemma 7.2. Let q: g — )■ g/ p(i)) be the quotient map. Let I eT.. Suppose that q(?ii) for 
i E I are linearly independent. Then, the action of G^ restricted to H on the affine toric 
variety associated with the cone Cj is free. 

Proof It suffices to show that Hn (G/)*^ = {1} by Lemma [631 Since H and (G/)*^ is 
connected and abelian, the exponential maps are surjective. Let u + \/ —Iv E f), where 
u E p{[}) and a/^v E By definition of (qi)^, any element in (qi)^ is of the form 

for some ai^bj E M. Suppose that 

exp(M + V—^v) = exp ^(fl/A/ + y/^biXi) 

Kiel 



Then, 



Therefore, 



u - £aA- + I V - £Z?,An G Hom(5^ , G). 



Since f) is a complex subspace of g^, v — \' — lu is also an element in t). Thus, 
(7.1) £U/e;?(f)). 

Applying q to (17.11) and by the assumption that <?(A,) for z G / are linearly independent, we 
have that bi = for all i E /. Therefore v = 0. So uEi) and \^^u E f). Since p| p, is injective, 
u — 0. Thereforeexp(^;£/a/A,: + v^^Z7/A,:) G//impliesthatexp(^;£/a,A, + A>A-TZ7,A,) = 1. 
This shows that H fl (G/)*^ = { 1 }' proving the lemma. □ 

Lemmas |7 . 1 1 and fT?2\ tell us that the quotient of the affine toric variety associated with C/ 
by H is biholomorphic to a complex manifold 



(G^/^)X(G,)C©C,z 
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if q{^) for / e / are linearly independent. Now we consider the quotient space X{A)/H 
of the nonsingular toric variety associated with A by H. In order to deduce the Hausdorff- 
ness and the compactness of Z(A) /H from conditions on ^(A), we prepare a locally defined 
continuous function. 

Lemma 7.3. Let E, e{Q/p{i)))* such that , q{Xi)) > for all i e /. The function /| : g*^ x 
®i'e/^a? ~^ [0,°°) defined by 

iei 

descends to a continuous function /| : (G'^/H) Xj-^j^^c ©(e/C^/ — )■ [0,oo). 

Proof. It suffices to show the well-definedness of /| because the continuity of and /| 
are obvious. 

Clearly, /| is invariant under the translation by elements in g. In particular, it is invariant 

under the translation by elements in Hom(5\G). Let u' + ^/^v' G f), where m',v' G g. 
Then, v' e because v' — ^/^M' e f). Thus, 

iei 

iei 

= f^{u + ,/^v,{zi)iei). 

Let u" + \^v" e (qi)^, where m",v" e g/. Then, 

4(M + M" + A/^(v + v"),(«/(exp(i<" + ^v"))"'z,-)<-e/) 
^ ^-2K(^,qiv+v")) J-J |^2;r(a/,v")^.|(^,?(A,0> 

Since A; for i G / form a basis of Hom(5\ G/) C g/ and aj for G / are the dual basis, 
v" = So the exponent 2;r((^, -<7(v") +E,£/(a/, v")^(A,)) = and hence 

4 + u" + v^(v + v") , (a/(exp(M" + 

= fl{u + V^v,{zi)iei). 

Therefore /| descends to /|, as required. □ 

For t, G (s/pII)))*, we define a subfan A^ of A to be 

At := {Q = pos(A; I / G /) G A I , q{Xi)) > for all / G /}. 



38 H. ISHIDA 

We also define to be Then, the union of these subfans A^ and A^, and the 

intersection A^ of A^ and A^ are also subfans of A. 

The toric variety X(A) associated with the fan A is G^-equivariantly biholomorphic to 
the quotient space as (16.31) . Hence the quotient space X( A)/// is 

where ~ is the equivalence relation generated by the following: 

For 7 C / and [g, (z,).ey] G {G^/H) x (^^^c e,^^ C„y, 

where 

Zi if / G 7, 



1 Otherwise. 



The subfans A^, A^ , A^ and A^ determine open subsets X(A^) /i7, X(Ap/77, X{A^)/H 
mdX{Ap/H of X(A) ///, respectively. 

Lemma 7.4. Le? be the function as in Lemma \TJ[ for / G E such that Cj E A^. 

(1) For I' C / and [g, G (G^/^) x (g,,)C e,-^,, C^,, 

/f([^,fe),e/'])=4([^,M,e/]). 
Therefore, there exists a continuous function /t : X(A^)/7/ — )■ [0,°°) i'Mc/z 

/^l(GC///)x,^^)Cete/C„/ =4 

for all I such that Cj G A^. 

(2) /e is nowhere zero on X{Ap/H and 

onX{Ap/H. 

(3) There exists a continuous function /s U (/-^)^^ : X{A^)/H — )■ [0,oo] such that 

f^^iT^y^\x{Ap/H=f^ f^^{T^y^\x{A-p/H = iT^y\ 

here we may regard 0^^ as °° and the topology of [0,°°] is the order topology. 

Proof Part (1) and Part (2) follows from the definition of and of the equivalence relation 
~. Part (3) follows from Part (2). □ 
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Now we are ready to deduce the Hausdorff-ness of X{A) /H from the condition which is 
^(A) being a fan. 

Lemma 7.5. Suppose that q{A) = {q{Ci) | / G E} is a fan and q{^i) for i G / is linearly 
independen for each / G E. Then, the quotient 5pace X(A) /H is Hausdorff. 

Proof of Lemma 17.51 Let x,y eX{A)/H such that x^y. Ifx and y belong to the same open 
subset 

(G^/^)X(G,)C©C„/, 

then there exists open subsets and Uy such that U^^ x,Uy3 y and Uxr\Uy = 0. 

Now we assume that x and y do not belong to the same open subset (G^/H) x^^q^-jc 
^af- Suppose that / is a simplex in E such that 

xG(gC///)X(c^)C0C„. 

iei 

but 

X i {G^/H) X )c C^, for all / C /. 

Similarly, suppose that 7 is a simplex in E such that 

yG(GC///)X(G,)C0C„. 

but 

y^(G^///)X(c^)c0C^/ for all /C 7. 

Since ^(A) is a fan, there exists an element ^, G (0/p(f}))* such that {b,,q{Xi)) > for all 
/ G /\7, {^,q{?ij)) < for all j G 7\/ and = for z G /n7. Then, Q G A+ and 

Cy G A^ . Let U (/_^)^^ be the continuous function as Lemma l74l By the choice of 
we have that 

f^Uif^)-\x)=0 and 7fu(7L^)-i(j)=oo. 

Since the interval [0,oo] is Hausdorff, and x and y are distinguished by the continuous 
function U (/-^)^^ there exist open subsets Ux and Uy such that Ux 3 x, Uy 3 y and 
t/x n [/y = 0. Therefore, X{A)/H is Hausdorff, as required. □ 

By Lemmas 17. 1[ 17.21 and 17. 5[ if the nonsingular fan A in g and the complex subspace 
t) C satisfies the following conditions 

(1) the restriction of the projection p: g*^ — )■ g is injective, 

(2) the quotient map ^ : Q^q/p{^) send^ a fan A to a fan ^(A) in g/p(P)), 



Here, "sends" means that q gives a bijection between cones in A and cones in ^(A). 
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then, the quotient space X(A)/// of the toric variety X(A) associated with Ahy H — exp(f)) 
is a complex manifold. 

As well as toric varieties, we will deduce the compactness of X(A) /H from the com- 
pleteness of ^(A). X{A) /H is compact if and only if X{A)/G- H is compact because G is 
a compact torus. So we will show the compactness of X{A) /G H. 

Lemma 7.6. Let the nonsingular fan A and the complex subspace [) o/g satisfy conditions 
(1) and (2) above. Let Cj = pos(A,- \ i E I) be a cone in A such that dimC/ = dim0/p(t)). 
Let aj for i El be the dual basis ofq{Xi). Then, the continuous map 

descends to a homeomorphism 

/G ^Y\s^>Q)i- 

iei 



Proof. For any ^ E (g/ p{i)))*, by definition of /|, the function /| is G-invariant and hence 

Fj is well-defined. Since f) ng = {0} and {Gj)'^nH = {1} (see the proof of Lemma |7]2l), 
g*^ can be decomposed into g © v^— Tg/ © [) because dimC/ = dimg/ p(f)) . Therefore G^/H 
can be identified with G x \/—lgj through the exponential map. Using this identification, 
we have 



Mis, v^v), = e-'-^-'M^-^^ n \zt'^''^''^^ 

for [{g, v^v), {zi)iei] e{Gx v^g/) y<^G,)c ©/e/C„/- Define 

Ej: ]^(M>o);^ ((Gxv^gy)X(G^)c©C„/ )/G 



to be 



Ei{irj)jei) := [(1,0), (oO^^;]. 



Clearly, Ej is continuous and the composition F/ o Ei is identity. It remains to show that 
Ej o Fj is identity. By direct computation, 

EioFj{[[{g,V^v),izd.a]])=me-^^^^^^^^^^^ 

= [[(l,0),(e-2'^H^W)|z,|),e/)]], 
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where [[{g, \^v) , E (^{G x v^0/) x (^^^c 0,e/ C^^/ j / G denotes the equivalence 

class of [{g, V^v),{zi)iei] G (G x v^fl/) X(g^)c ©/e/C^^/. Since 

[[fev^v),fe),d = [[(l,0),(.-2-(«/,v)|,.|)^.^^]]^ 

it suffices to show that {ccj.v) = (a/,^(v)) for v G 0/. Since A, for z G / form a basis of 0/, 
V = Y^i<^i{OLl-,v)Xi. Applying ^, we have that q{y) = 'Lieii^l Since <?(A,) for / G / 
are a basis of and aj are its dual, ^(v) = 'Liei{^i^li^))^i^i)- Therefore, 

£((a/,v)-(^,^(v))k(A,)=0. 

Since <?(A/) for z G / are linearly independent, {ccj.v) — {aj,q{v)) = 0. Hence the compo- 
sition Ej oF] is the identity. Since Fj is continuous and its inverse Ej is also continuous, Fj 
is a homeomorphism, as required. □ 

Lemma 7.7. Let A an J [) satisfy conditions (1) and (2) above. Suppose that the fan q{A) 
in q/p{[)) is complete. Then, the quotient space X (A)/ H is compact. 

Proof. Since X{A) has the open dense orbit G^ corresponding to the empty set G E, 
X{A)/H also has the open dense orbit G'^/H. First, we identify the quotient G'^/G H 
of the open dense subset G^/H by G with the vector space g/p{i)) as follows. To each 
[u + v^^v] Eg® V— Ifl/fl + [) where m, v G g and [u + V—lv] denotes the equivalence 
class, we assign [v] G g/p{i)) where [v] denotes the equivalence class of v G g. This is 
well-defined because if u' + \/—\v' E P) then v' E p{^). Moreover, this is a bijective linear 
map. Since G'^/H = g'^/f) -|-Hom(5'\ G), the correspondence v^^v] t-)- [v] is nothing 
but an isomorphism I : G^/G ■//—)■ g/p(f)). 

Since q sends the fan A to a complete fan ^(A) in g/p([)), every cone Cy G A is contained 
in a cone Q E A such that dimC/ = dimg/ p(f)). Hence the open subsets 

G^'/H) X(G,)C©C,. ) /GCX{A)/G-H 

for / G E such that dimC/ = dimg//)([)) cover the quotient space X{A)/G - H. Remark 
that each open subset {{G^/H) 

^ (G/)c ©;£/ I G contains G*^/ G ■ // as an open dense 

subset. Now we consider the preimage of the cone q{C]) by i. Suppose that dimC/ = 
dimg/ and let Fj be the homeomorphism as Lemma |7!6l Then, 

Therefore, 

Fi{l-'{q{Ci))) = I in),a E n(K>o). I < r,- < 1 
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because (a/,^(v)) > for q{v) G qiCi). The closure of right hand side is a cube. In partic- 
ular, it is compact. Therefore, closure Ki of l^^{q{Ci)) in (^{G'^/H) X(^Gi)'^ ©ie/^a^) 

is also compact and hence Kj coincides with the closure of i^^{q{C])) in X(A) /G H. 

Since G^ /G - H is the union of i^^{q{Ci)) such that dimC/ = dim0/p(f)) because q{l^) 
is complete, X(A) /G H h the union of compact subsets ^/'s. Since the number of cones 
in A is finite, X(A) /G ■ // is a finite union of compact subsets and hence it is compact. The 
lemma is proved. □ 

Lemma 7.8. Let ts.he a nonsingular fan in q and let ^ be a complex subspace of g^. 
Suppose that A and f) satisfy the following conditions: 

(1) the restriction p\^ of the projection p: ^ Qis injective and 

(2) the quotient map q: Q ^ Q/p{i)) sends a fan A to a complete fan q{A) in g/p{t)). 
Then, the quotient space X (A)/ H of the toric variety associated with Aby H = exp(f)) is a 
compact complex manifold equipped with the action ofG which is maximal and preserves 
the complex structure. 

Proof. By Lemmas 17.11 17.21 17.51 and 17.71 X{A)/H is a compact complex manifold. It 
remains to show that the action of G onX{A)/H is maximal. Since ^(A) is complete, there 
exists a cone C/ G A such that dimC/ = dim0/p([)). Therefore there exists a point xG X{A) 
such that dimGj = dimQ/p{[)). Let x be the point in X{A) /H to which the quotient map 
X{A) -^X{A) /H sends x. Since Gfli/ = {1} by condition (1), G^ = G^. Therefore, 

dim G + dim Gx = 2 dim G - dimi^ = dimX (A) /H, 

that is, the action of G on X(A) ///is maximal, proving the lemma. □ 

Let {M,G) (respectively, (M'.G)) denote a compact connected complex manifold M 
(respectively, M') equipped with a maximal action of a compact torus G which preserves 
the complex structure on M (respectively, M'). We denote by [M, G] the G-equivariant 
biholomorphismtype of (M, G), that is, [M, G] = [M', G] if and only if M is G-equivariantly 
biholomorphic to M'. Let denote the set of all [M, G] (where we do not fix the compact 
torus G). 

Let ^2 denote the set of all triples (A, f), G), where 

• G is a compact torus, 

• A is a nonsingular fan in the Lie algebra g of G, 

• [) is a complex subspace of such that 

(1) the restriction /?|(, of the projection p: g*^ — )• g is injective, and 

(2) the quotient map q: g ^ d/pi^) sends a fan A to a complete fan ^(A) in 
9/pW. 

To each (M, G), we assigned a pair (A, f)) of a nonsingular fan A in the Lie algebra g of 
G and a complex subspace f) of g*^ which satisfies the conditions (1) and (2) above (see 
Section[5]). If M' is G-equivariantly biholomorphic to M, then the same (A, f)) is assigned to 
{M', G). Therefore, we have a map : ^ via ([M, G]) = (A, (), G). Conversely, 
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by Lemma rrsl we have a map '^2^ via ^2 (A, f) , G) = [X (A) /H,G\. Now we are 
in a position to show the main theorem of this paper. 

Theorem 7.9. The maps ^\ and ^2 <^^^ bijections between ^1 and ^2- They are inverses 
to each other. 

Proof. Let (A, [), G) G ^2- We can take (X(A) ///, G) as a representative of ^2(A, fi, G) = 
[X(A) ///, G]. By definition of the pair assigned to (X(A) /H, G), it is nothing but (A, f)). 
Therefore ^1 o ^2 (A, J), G) = (A, [), G) . 

Let [M,G] e ^1 and let (A, [),G) denote the image ^i([A/,G]). Take a representative 
(M, G) of [M, G] and fix it. Let A'^ be the open submanifold of M defined as in Section [51 

Let Zqc be the global stabilizers of the action of on M. By Corollary 16.71 is G- 
equivariantly biholomorphic to the quotient space X{IS)/Zqc. Since f) is the Lie algebra 
of the global stabilizer Zqc and Zqc is connected by Lemma I4T21 Zqc = exp(P)) = H. By 
Lemma IT^ the quotient space X{A)/H is compact. Therefore, is open and closed in 
M. Since M is connected, is the whole manifold M and hence M is G-equivariantly 
biholomorphic to the quotient X(A) /H. This shows that [M, G] = [X(A) ///, G]. Therefore, 
^2 o ^1 ( [M, G]) = [X (A) /H,G] = [M, G] . The theorem is proved. □ 

In the next section, we will define the sets of morphisms in ^\ and ^2 and think of ^1 and 
^2 as the categories. We will see that and ^2 are not only one-to-one correspondence 
but also category isomorphisms, with suitable definitions of mapping functions. 

Remark 7.10. As we saw in the proof of Theorem 17. 91 A'^ coincides with the whole manifold 
M. So the characteristic submanifolds of A'' are closed submanifolds of M. Therefore we 
can call each of them a characteristic submanifold of M. As a result, the correspondence 
can be defined without passing the open submanifold A'^. 



Let '^i,'^2,=^i : '^1 ^2,^2: ^2 '^1 be as in Section |71 In this section, we define 
morphisms in both '^i and ^^2 and show that both ^\ and ^2 become categories. We also 
define mapping functions (we will use the same notations and ^2) and show that the 
covariant functors J^i and ^2 are inverses to each other. In particular, we see that the 
category ^\ is isomorphic to the category ^2- 

Let [Mi,Gi] and [M2,G2] be in ^1. Let {Mj,Gi) and {M[,Gi) be representatives of 
[Mi, G,] for / = 1,2. A holomorphic map i// : Mi — )• M2 is a-equivariant if the diagram 
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commutes, where the vertical arrows are the action maps. Let i//: Mi — t- M2 be an a- 
equivariant holomorphic map. Sometimes Xjr is also /3-equivariant for some group homo- 
morphism /3 : Gi — )■ G2. However, if i// sends a point xi E Mi such that (Gi)^! = {1} to 
X2 E M2 such that (G2)x2 = {1} O-^- ¥ sends a free Gi -orbit in Mi into a free G2-orbit 
of M2), then a is unique. To see this, suppose that i// is /3-equivariant. Then, i//(^ixi) = 
cc{gi)x2 = I5{gi)x2 for any gi E Gi. But (G2)x2 = {1} implies that a(^i) =[5{gi) for any 

From here, we require i/a to send a free Gi -orbit in Mi into a free G2-orbit. The ad- 
vantage of this assumption is that we can assign a group homomorphism a : Gi — t- G2 
to such a holomorphic map i// by the observation above. Let i/a' : M[ Mj be an a'- 
equivariant holomorphic map, where a' is a group homomorphism Gi — )■ G2. We say that 
i//' is equivalent to 1// if there exist an Gi-equivariant biholomorphism (pi : Mi — M[ and 
G2-equivariant biholomorphism (p2 : M2 — ?■ Mj such that the following diagram commutes; 

V 

Ml ^M2 



<Pi 



<P2 



M[ — ^M^. 

If !//■ is equivalent to i/a' = 92 ° V^o \ then i//' should be a-equivariant. Therefore we can 
assign a group homomorphism a : Gi — )■ G2 to the equivalent class [^r\ of i//: Mi — i- M2. 

We define a hom-set Hom<^j ( [Mi , Gi] , [M2, G2] ) for [Mi , Gi] , [M2, G2] E ^1 to be the set 
of all equivalent classes of ot-equivariant holomorphic maps : Mi — )■ M2 for some a such 
that sends a free Gi -orbit into a free G2-orbit. 

Lemma 8.1. Let [M,,G,] E '^\, i= 1,2,3. Let E Hom<^j ([Mi, Gi], [M2,G2]) and let 
[V/2] E Hom^j ([M2, G2], [M3, G3]). Then, the composition defined to be [1^2] ° W\\ '■= [¥2 ° 
(P2 o 1//1] is well-defined, where i/Zi : Mi — )■ M2 is a representative 0/ [i/Zi], 1//2 : ^2 ^ ^3 ^■^ 
a representative of [¥2\, cind (p2 '■ M2 — > M2 Z^e an equivariant biholomorphism. 



By definition of the composition as in Lemma I87U it satisfies the associative low. More- 
over, for each [M, G] E ^1 there exists the identity morphism which is the equivalent class 
[idw] of the identity map of M. Therefore '^i with the hom-sets Hom-^^ ( [^1 7 ^i] 5 [^2, G2] ) 
for all [Ml , Gi] , [M2, G2] E ^2 forms a category. 

In order to show Lemma [STl we prepare the following Lemmas |8 . 2 1 and [83l 

Lemma 8.2. Let [M, G] E '^1 anc^ /e? (M, G) anJ (M', G) Z^e representatives of [M, G]. Le? 
X E M and x' E M' be points in free G-orbits ofM and M', respectively. Then, there exists 
a unique G-equivariant biholomorphism (p: M ^ M' such that = x'. 

Proof. Let (p: M — )• M' be a G-equivariant biholomorphism. Since (p is holomorphic and 
G-equivariant, it is G*^ -equivariant. Since x sits in the open dense G^-orbit of M, (p{x) sits 
in the open dense G'^-orbit of M' . Since x' sits in the same G^-orbit as there exists 
an element g E G'^ such that g ■ (p{x) = xf . So we have a G'^-equivariant biholomorphism 
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g-(p: M ^ M' such that {g ■ (p) (x) = x'. This shows the existence of G (and G'^)-equivariant 
biholomorphism from M to M' which sends x to x'. 

Let 9 : M -^M' and q>' : M — )■ M' be G-equivariant biholomorphisms such that q>{x) = 
(p'{x) =xf. As before, (p and cp' axe G-equivariant and holomorphic and hence G'^-equivariant 
Since x sits in the open dense G'^-orbit and both (p and cp' are G'^-equivariant, (p{x) = (p'{x) 
implies that cp coincides with cp' on the open dense G'^-orbit. Since both (p and (p' are con- 
tinuous, cp coincides with cp' on the whole manifold M. This shows the uniqueness, proving 
the lemma. □ 

Lemma 8.3. Let [Mi, Gi], [M2, G2] G and a : Gi ^ G2 be a group homomorphism. Let 
{Mi, Gi) be a representative of [Mi, G,] for i = 1,2 and let xi G Mi be a point in a free Gi- 
orbit of Ml. Let \j/i : Mi — t- M2 and \j/2' Mi — > M2 be cc-equivariant holomorphic maps 
fori = 1,2. Suppose that \l^i{xi) = V^2(-'Ci)- Then, xjTi = i//2- 

Proof. As in the proof of Lemma 18. 21 coincides with 1//2 on the open dense Gj'-orbit of 
Ml because V^i(jc) = V^2W- So i/Zi = i//2, as required. □ 

Proof of Lemma I&71 Let : M[ M2 be another representative of let 1/4 : M2 -> 
M3 be another representative of [i//2], and let (pj '■ — ?■ Mj' be an equivariant biholomor- 
phism. We need to show that the composition 1//2 ° <P2 ° V^i equivalent to V^2 o <?>2 o V^^i • 

Let G Ml be a point in a free Gi -orbit in Mi and let x'l G M[ be a point in a free Gi- 
orbit in M[. By Lemma [821 there exists a Gi -equivariant biholomorphism (pi : Mi — > M[ 
such that (pi{xi) =x[. Letxs = 1/^2° 92° V^i(-«i) GM3 and letx'^ = i/^ o <?>2 ° V^i W ) ^^3- 
X3 and x'^ sit in a free G3 -orbit in M3 and M3, respectively. By Lemma [8^ there exists a 
G3 -equivariant biholomorphism cp^ : M3 — > M3 such that (p3{x3) = xf^- Thus, JC3 = V^2 o 92 o 

V/l(jCl) = (P3"^ol/4o(jr)^ov4o(pi(xi). 

Suppose that \j/i is ai -equivariant and 1/^2 is a2-equivariant. Since is equivalent to 
\j/i and 1/4 is equivalent to i//2, both i//2 o <?>2 o V^i and 93"^ o i//^ o (p^ o o ^1 are (^2 o OCr 
equivariant. It follows from Lemma [83] that \j/2 o (p2 o \j/i = ^3"^ o ° ^2 ° V^i ° This 
shows that 1//2 o <P2 o V^i is equivalent to i/^ o <?>2 ° V^i ' proving the lemma. □ 

Let (Ai, [)i, Gi) and (A2, [)2, G2) be elements in ^2- Let a : Gi ^ G2 be a Lie group ho- 
momorphism. We say that a is a morphism from (Ai , f) 1 , Gi ) to (Ai , f)2, G2) if the differen- 
tial [da) 1 : 01 92 of a at the unity 1 of Gi is a morphism of fansEI from Ai to A2, and the 
C-linearmap {da)f := {da)i ®idc: 01" — > 02 sends [)i into 1)2, that is, {da)f{i)i) C [)2. 
We denote by Hom-^^ll-^ii ^1)7 ('^2, ^12,^2)) the set of all morphisms from (Ai, f)i, Gi) 
to (A2, (12,^2). 

Each element (A, [), G) G ^2 has the identity morphism id(j. For elements (Ai, f)i, Gi), 
(A2, f}2, G2) and (A3, 1)3, G3) in ^2 and for morphisms OCi G Hom-^^ ((^1 ^ h ) ^ (^2, f)2, G2)) 
and a2 G Hom<^2(('^2, ^12, G2), (A3, [)3, G3)), it is easy to see that the composition a2 o 



A morphism of fans from Ai to A2 is a linear map such that the image of each cone in Ai is contained in 
a cone in A2. 



46 



H. ISHIDA 



OCi : Gi — )• G3 is also a morphism from (Ai, Gi) to (A3, P)3, G3) and the composition sat- 
isfies the associative low. Therefore "^2 with the hom-sets Hom.^^ ( (-^i 5 f) 1 5 ) 5 (-^2, f)2, G2) ) 
for all (Ai,t)i,Gi), (A2,P)2,G2) G ^2 forms a category. 

We already have the object function ^1 : ^1 — )• ^2- So we would like to define a map- 
ping function in the category "^i, use the same notation so that ^1 — )• ^^2 becomes 
a covariant functor. For a morphism [i//] G Hom<^j ([Mi, Gi], [M2, G2]), we assign a group 
homomorphism ^\ ( [v^] ) : Gi -> G2 to [i//] so that each representative of [i//] is ^1 ( [v^] )- 
equivariant. By definition of morphisms in ^1, ^i([v^]) is well-defined. 

Lemma 8.4. ^\ satisfies the following : 

(1) ^i([idM]) =idGforthe identity morphism [idA/] o/[M, G] G '^1. 

(2) ^1 ( [y/2] o [v/i] ) = ^1 ( [v/2] ) o ^1 ( [V^i] )/or morphisms [xj/i] G Hom^, ([Mj , Gi] , [M2, G2] ) 
an J [v/2] G Hom^, ([Ml, G2], [M2, G3]). 

(3) ^i([v/])GHom^,(^i([Mi,Gi]),^i([M2,G2]))/or[v/]GHom^,([Mi,Gi],[M2,G2]). 

In particular, ^\ : ^1 — )■ ^^2 '■^ '^i covariant functor from the category ^1 to category 

Proof. Parts (1) and (2) are obvious. 

For z = 1,2, let (M,-, G,) be a representative of [M,-, G,] and suppose that ( [M,-, G,] ) = 
(A,-, t)/, G/). Let 1//: Mi M2 be a representative of [i//] and let ^1 ([v^]) = a. Let a be 
a cone in A and let v G 51 be an element which belongs to the relative interior of C7. Let 
c\^: M — )■ Ml be the curve as Lemma 1531 above. By Lemma 1531 the curve converges to a 
point in Mi as r approaches to —0°. Moreover, the limit point, say Xa, does not vary with 
V as long as v belongs to the relative interior of C7. Take a point .jci G Mi which belongs to 
a free Gi -orbit and put X2 '■= V^(.'ci). By definition of morphisms, X2 also belongs to a free 
G2-orbit. Since i//: Mi — )■ M2 is an a-equivariant holomorphic map such that V^(xi) = X2, 

we have that \j/ocl^{r) = Cxl'^^^^^\r). Therefore the curve ci2'^^^^^\r) converges to Xj/i^o) 
as r approaches to —0°. By Lemma [531 (<ia)i(v) G 02 belongs to the relative interior of 
a cone in A2 for all v which belongs to the relative interior of o. This shows that {da)i 
induces a morphism of fans from Ai to A2. 

Since i// is equivariant and holomorphic, i/a is oc-equivariant holomorphic map, with 
respect to a : Gf — )■ Gj • Since i)i is the Lie algebra of the global stabilizers of the action 
of Gf on Mi, we have that {da)f{^i) C i)2- Therefore ^i([v^]) = a is a morphism in 
Hom^2((^i' ^uGi), (A2, i)2: G2)), proving Part (3). □ 

Let (Ai,{)i,Gi) and (A2,{)2,G2) be objects in ^2 and let a: Gi — )• G2 be a morphism 
from (Ai,f)i,Gi) to (A2,{i2,G2). Since {da)i: gi 02 induces a morphism of fans from 
Ai to A2, it also induces a toric morphism : X{Ai) — )■ X(A2) such that V^(Igc) = Iqc, 

where l^^c denotes the unit of Gf and each l^c can be thought of a point inX(A,), / = 1,2. 

Since (Ja)'p({ii) C f)2, the morphism xjfa descends to an a-equivariant holomorphic map 
Xj/a : X(Ai)///i ^ X(A2)///2, where Hi = exp f),-, / = 1, 2. 
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Therefore, the morphism a induces a morphism 

[ V/«] e Hom^, ( [X (Ai ) ///i , Gi] , [X (A2) ///2, G2] ) . 

Clearly, the identity morphism id(^ = idg induces the identity map on X{A)/H, and 
Va2oai = Wa2 ° ¥ai for morphisms 

tti GHom^2((^l'^ll'<^l)'(^2,[)2,G2)) 

and 

a2 e Hom^2((^2, [)2, G2), (A3, f)3, G3)). 
Thus we have a covariant functor ^2- ^^2 -> "^i such that ^2 (A, f), G) = [X(A) /H, G] for 
an object (A, [), G) and ^2(tt) = [Wa] for a morphism a. 

Theorem 8.5. The functors ^1 : ^1 — )■ ^2 ^^'"^i? ^2 '■ ^2 — ^ ^1 ^f''^ inverses to each 
other. In particular, the categories and '^2 are isomorphic. 

Proof. Let (A, f), G) be an object in <^2- By TheoremlTgl ^1 o ^2 (A, f), G) = (A, [), G) . For 
a morphism a in ^2> each representative of ^^2(05) = [V^a] is an a-equivariant holomorphic 
map by definition. Thus ^\ o ^2(05) = a. Therefore o ^2 = id<^2- 

Let [M, G] be an object in ^1 . It follows from Theorem that ^2 o ^1 ( \M, G] ) = 
[M, G] . Let [Ml , Gi] and [M2, G2] be objects in and let [i//] G Hom<g'j ( [Mi , Gi] , [M2, G2] ) 
be a morphism. Suppose that ^i([M/,G,]) = (A,-, t)/,G/), / = 1,2 and ^i([v^]) = a. Then, 
^20^i([V^]) isamorphism [!//„] G Hom^;([X(Ai)///i,Gi], [X(A2)///2,G2]) which is in- 
duced by the group homomorphism a: Gi — )• G2. To show that [i//] = [!//«], we need to 
show that the representative i// : Mi — > M2 is equivalent to the representative i/Aq : X ( Ai ) ///i — )■ 
X(A2)///2- Take a point jci G Mi sitting in a free Gi -orbit in Mi. Also, take a point 
y\ eX{Ai)/H\ sitting in a free Gi-orbit. As we saw, [M,-,G/] = [X(A,), G/], / = 1,2. Thus 
it follows from Lemma [8^ that there exists a Gi-equivariant biholomorphism (pi: Mi ^ 
X(Ai) /Hi such that (p\{x\) —yi. Since ^fa '■ ^(Ai) — > X(A2) is a toric morphism, the in- 
duced map x^fa '■ X ( Ai )/Hi^X (A2) / H2 sends ji to a point sitting in a free G2-orbit. Since 
I// is a representative of a morphism [i//], V^(xi) sits in a free G2-orbit of M2. Therefore, by 
Lemma [Ol there exists a G2-equivariant biholomorphism (p2 : M2 — )■ X(A2) /H2 such that 

(P2(V^(^l)) = V^a(yi)- 

The composition (pj^^ o i^^^ o <Pi : Mi — )■ M2 is an a-equivariant holomorphic map such 
that (p2^ o^^a° <Pi(^i) = V^(^i)- By Lemma 18.31 i// coincides with (p2^ o x^fg, o (pi and 
hence i// is equivalent to This shows that ^2 ° =^i([V^]) = [V^]- This together with 
^2 o ^1 ( [M, G] ) = [M, G] shows that ^2 o =^1 = id^2 • 

Therefore ^i and ^2 are the inverses to each other, as required. □ 

It immediately follows from Theorem [83] that (Mi, Gi) and (M2,G2) are weakly equiv- 
ariantly biholomorphic to each other if and only if ^i([Mi,Gi]) and ^i([M2,G2]) are 
isomorphic. 

We can also classify the (non-equivariant) biholomorphism types of compact connected 
complex manifolds which admit maximal actions of tori in terms of ^2- 
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Theorem 8.6. Let Mi and M2 be compact connected complex manifold, equipped with 
maximal actions of compact tori Gi and G2 which preserve the complex structures on Mi 
and M2, respectively. Then, Mi is biholomorphic to M2 if and only if J^i{[Mi,Gi]) is 
isomorphic to ^i([M2,G2]). In particular. Mi and M2 are biholomorphic to each other if 
and only if{Mi,Gi) and (M2, G2) are weakly equivariantly biholomorphic to each other. 

Proof. Since (Mi,Gi) is weakly equivariantly biholomorphic to (M2,G2) if and only if 
^i([Mi,Gi]) is isomorphic to ^i([M2,G2]), the "if ' part is obvious. 

We show the "only if part. Let 1//: Mi — )■ M2 be a biholomorphism. The group Aut(M,) 
of all biholomorphisms from Mi to M, itself is a complex Lie group (see jSl Chapter 10, 
Section 5, COROLLAIRE 2]). The biholomorphism i//: Mi — )■ M2 induces a complex 
Lie group isomorphism i//* : Aut(Mi) — )■ Aut(M2). Since Gi acts on M/ effectively, G/ 
can be regarded as a subgroup of Aut(M,) for i = 1,2. Let Ki be a maximal connected 
compact Lie subgroup of Aut(A//) which contains G/. Then, V/*(^i) is also a maximal 
connected compact Lie subgroup of Aut(M2). Since maximal connected compact Lie sub- 
groups and K2 of Aut(M2) are conjugate to each other (see [11, Chapter XV, Sec- 
tion 3]), there exists an element g E Aut(M2) such that g\ir^{Ki)g^^ = K2. Moreover, 
Since gi//*(Gi)g~^ and G2 are maximal tori in K2, there exists an element g' E K2 such 
thatg'^V/*(Gi)^"V"^ = G2. Ftitg" =\ir-\g'g) and then g"ov/og"-i: Mi ^M2isabi- 
holomorphism which induces a group isomorphism {g" o'^og"^^)* '■ Aut(Mi) — t- Aut(M2) 
whose restriction to Gi is an isomorphism onto G2. Therefore i//' := g" o Xj/o g"^^ is an 
oc-equivariant biholomorphism for some group isomorphism a: Gi — )■ G2. Let xi E Mi 
be a point sitting in a free Gi -orbit. Then V^'(xi) E M2 is a point sitting in a free G2- 
orbit, too. Therefore i//' determines a morphism [i//'] E Hom<^j ([Mi, Gi], [M2, G2]). Since 
I//' is an oc-equivariant biholomorphism, the inverse i//'^^ exists and determine a morphism 
[i//'^^] E Hom<^j ([M2, G2], [Mi,Gi]) which is the inverse to [i//']. Thus [i/a'] is an isomor- 
phism and hence ^2([V^']) = oc E Hom<g'2((Ai, fii, Gi), (A2, f)2, G2)) is an isomorphism, 
proving the "only if part. □ 



9. Moment- ANGLE complexes and partial quotients 

Let E be an abstract simplicial complex on { 1 , . . . , m} (we do not require each single set 
{ j} to be a vertex of E). For each simplex / G E, we set 

{B.S'Y := {(zi, . . . G ©"M Zj E if J ^ /} C C"' 

and 

^z:= |J(D,5i 



Since each (D,S^)^ is invariant under the natural (5^)'"-action on C™, so is The topo- 
logical space ^ is called a moment-angle complex. Moment-angle complexes play an 
important role in toric topology (see [3, Chapter 6] for details). For examples, is a 
topological (m -|- J) -manifold when the geometric realization |E| of E is homeomorphic to 
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a {d — 1) -sphere, and becomes a total space of a principal torus bundle over a nonsingular 
toric variety X{A) when E is isomorphic to the underlying simplicial complex of A. 

Moment-angle complexes also play an important role in our context. Let E be an abstract 
simplicial complex on { 1 , . . . , m} such that |E| is homeomorphic to an (d — 1 )-sphere. First, 
we claim that the (5^)"'-action on is maximal. Since |E| is homeomorphic to an {d — 1)- 
sphere, there exists / G E such that the cardinality |/| of / is equal to d. For simplicity, 
assume that / = {1, . . . , J}. Then, x := (0^^^^, 1^^^^) G (D.S^Y C ^z. The isotropy 

d m—d 

subgroup of (5^)"' atx is 

{{gu....gdA....A)e{s'r\g,es'] 

and has dimension d. Since m + d = dim^, the action of (5^)™ on ^ is maximal. 

By the fact that (5i)'"-action on is maximal, [J^e, (S^)'"] G if has a complex 
structure invariant under the action of (5^)'". Now we identify the Lie algebra of with 
M through the differential of the exponential map 1 1— )■ Then, the nonsingular fan 

A for = (A, (), (S^)"") G "^2 is as follows. The fan A in W is the collection 

of cones 

{pos(5,-e,- I z G /) I / G E} 

where denotes the z-th standard basis vector of M'", pos(A) denotes the cone spanned 
by elements in A and Sj — ±1. The Lie algebra of ((5^)"')^ = (C*)"' is identified with 
C" throuth the exponential map. The complex subspace f) of M'" ®r C = C" satisfy the 
conditions 

(1) the restriction of the projection to the real part p : C" — )► Mf" is injective. 

(2) the quotient map ^: M"' — )■ M"Yp(^) sends A to a complete fan in ]R"Yp([)). 

by definition of ^2- By condition (2), the geometric realization |E| of the simplicial com- 
plex E should be homeomorphic to a sphere and E should be star-shape(fl. 

Conversely, we can construct a compact connected complex manifold equipped with a 
maximal action of (5^)"' from A = {pos(i'/e/ | z G /) | / G E} and f) satisfying conditions (1) 
and (2) by the functor '■ ^2 ^ '^i- By comparing ^2 with [1201 Construction 3.1 and 
Theorem 3.2], we have the following: 

Theorem 9.1. A moment-angle complex ^-zfor a simplicial complex L on {1, . . . ,m} be- 
comes a manifold and admits a complex structure invariant under the natural torus action 
if and only if the geometric realization |E| of Lis homeomorphic to a {d— \ )- dimensional 
sphere, E is star-shaped and m-\-d is even. Moreover, a complex structure on invariant 
under the action of (5^)'" coincides with the complex structure constructed by Panov and 
Ustinovsky fdlOl Construction 3.1 and Theorem 3.2] j. □ 



{d — l)-simplicial complex whose geometric realization is homeomorphic to (d — l)-sphere is said to 
be star-shaped if E is isomorphic to the underlying simplicial complex of a simplicial complete fan in W^. 
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Remark 9.2. In |fl5l, a moment-angle complex ^ for a simplicial poset E is introduced 
and has nice properties as well as the case E is a simplicial complex. For example, ^ is 
also a manifold when the geometric realization of E is homeomorphic to a sphere. One can 
see that the action of (5^)'" on ^ is maximal. However, our classification Theorem 17.91 
yields that E should be a simplicial complex when admits a complex structure invariant 
under the action of (S^)™. 

Let E be a simplicial complex on {1, . . . ,m} whose geometric realization |E| is homeo- 
morphic to a {d — 1) -sphere. Then, ^ is a compact connected topological manifold with 
a maximal (S^)™-action. Let 5 be a subtorus of (5^)™ which acts on ^ freely. Then, the 
quotient is also a compact connected topological manifold with a maximal action of 
the torus (5^)"YS. The quotient space with the action of the torus (5^)'"/5 is called 
a partial quotient. The following problem arises: 

• Characterize S so that the partial quotient admits a complex structure invari- 
ant under the action of the torus (5^)"YS. 

• Find complex structures on ^ and so that the quotient map ^ — > is 
holomorphic. 

In order to answer to these problems, we begin from the following general consequence. 

Theorem 9.3. Let (A,, f)/, G,) e for / = 1 , 2 and let a G Hom<^2 ( (^i ^ i ^ ^^i) ^ (^2, fl2, G2)). 
Let G' C Gi denote the kernel of a (as a group homomorphism). Then, 

(1) the induced a-equivariant map \j/a '■ X{Ai) /Hi -^X{A2)/H2 is G' -invariant. 

(2) is a principal G' -bundle if and only if{dcc) 1 gives a one-to-one correspondence 
between the primitive generators ofl-cones in Ai to the primitive generators ofl- 
cones in A2 and a is surjective. 

Proof Part (1) follows from the fact that the toric morphism : X{Ai) — )■ X(A2) is G'- 
invariant. 

For Part (2), suppose that \]/a is a principal G'-bundle. Then, a : Gi — )■ G2 is surjec- 
tive; otherwise, x^Ta is not surjective. For each characteristic submanifold of X{Ai)/Hi, the 
image of it by i/Za is also a characteristic submanifold of X{A2)/H2 and vice versa. Let 
Ni, . . . ,Nkhe the characteristic submanifolds of X{Ai) /Hi. For each point x G A^,, the nor- 
mal vector space T^{X{Ai)/Hi)/TM is isomorphic to r^^(^)(X(A2)/if2)/7^v'aW(V^«(^')) 
through the differential (<ii//c<)x- Let A,- G (5\ Gi) be the homomorphism such that 

{dUg)U^)=g^ forgeS\^eUX{Ai)/Hi)/TM. 

that is, the primitive generator of the 1-cone corresponding to A'^,-. Applying {d^fa)x-, we 
have 

{dxlfaU{dUg)m))=g{dWam). 
Since i^^ is Ot-equivariant, we have 



{d{aoX,{g))),{{dWaU^))=g{dWa)M)- 
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Therefore, the primitive generator of the 1-cone in A2 corresponding to V^a(M) is a o A, = 
(J a) 1 (A,), proving the "only if part. 

To show the "if part, suppose that (da) 1 gives a one-to-one correspondence between 
the primitive generators of 1 -cones in Ai to the primitive generators of 1 -cones in A2 and 
a is surjective. Let -> g,- be the projection and let : g, — )■ gi/pi{i)i) be the quo- 

tient map for i = 1,2. Since (A,, f},-, G,) G ^2, Qii^i) is a complete fan in gi/pi{i)i). Since 
a G Hom'^2(('^i5^i5^i)5('^2,f)2,G2)) and a: Gi — )■ G2 is surjective as a group homo- 
morphism, {da)i : gi — )■ 02 is surjective and ((ia)'['(f)i) C [)2. Therefore (Ja)i induces 
a surjective linear map : 0i/pi(f)i) — )■ g2//'2(f)2)- Let Ai,...,Afc be the primitive 

generators of 1 -cones in Ai. Then, Vi = (da)i(Ai), . . . , v^t = (^Oc)i('^/t) are the primitive 
generators of 1 -cones in A2. Put 

E := {/ C {1, . . . I pos(A,- I / G /) G Ai} 

Then, Ai = {Q := pos(A, | z G /) | / G E} and <?i(Ai) = {qi{Cj) = pos{qi{Xi) | z G /) | 
/ G E}. Since a is a morphism, {da)i{Cj) is contained in a cone in A2 for each I 
Therefore, {da)i(qi{Cj)) is contained in a cone in (72 (A2). This together with the fact 
that (da) I is surjective shows that the image (Ja)i(^i(Ai)) of the complete fan ^i(Ai) by 
(da) I is a refinement of the complete fan (72 (A2), in particular, {da)i is an isomorphism. 
However, the number of 1 -cones in Ai is same as 1 -cones in A2, (Ja)i(^i(Ai)) = (72 (A2). 
Therefore, A2 = {pos(v,- | i G 

Let us think of the toric varieties X{Ai) and X{A2) as the quotient spaces (see (|6.3I) ) 

Z(Ai) = LjG^Xcc^©C„./^ 

and 

X(A2) = Ug^Xcc^0C^,/^, 

where aj (respectively, /3/) for i G / denote the dual basis of A,- (respectively, v,), i G /. 
Then, the restriction of the toric morphism xj/a to each affine toric variety Gf x 0,e/ C^i 
is given by 

Therefore the a-equivariant holomorphic map : X{Ai)/Hi -> X(A2)///2 is given by 

for each [[^], in the open subset (Gf/Z/i) >^cC^®i^iC^! ofX(Ai)///i. Since the ho- 

momorphism Gf /Hi — )■ G2 /H2, induced by the complexified homomorphism a : Gf — )■ 
G2 , induces an isomorphism from Gi i to G2,/ for each / G E, the kernel of the induced ho- 
momorphism Gf/Hi — )■ G2/H2, say &, acts on the preimage of each point}; G X{A)2/H2 
by ^fa simply transitively. Therefore the cu-equivariant holomorphic map : X{Ai)/Hi — )■ 
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X{A2)/H2 is a principal G' -bundle. Since X(Ai) /Hi is compact, C is also compact. There- 
fore G' is contained in Gi (regarded as a subgroup of Gf /Hi) and hence G' is the kernel 
G' of a : Gi ^ G2, proving the "if part. □ 

As an application of Theorem 19. 3[ we can answer to the problems mentioned above 
Theorem 19.3 1 

Theorem 9.4. Let ( A, f) , G) G (^^^d let . . . .X^be the primitive generators of 1 -cones 
in A. Let mbe a positive integer such that m — dim G is even, m>k and m > dim G. Then, 
there exist a simplicial complex L on { 1 , . . . , m} and a complex structure on the moment- 
angle complex ^ such that ^ admits a holomorphic principal S -bundle 2fz — ?• 
X{A)/H for some (possibly non-connected) subgroup S C (S^)™. 

Proof. Let /: W" — )■ be a surjective linear map such that /(e,) = A/ for i = 1, . . . ,^ and 
/(Z™) C Hom(5\ G), where Ci denotes the i-th standard basis vector in M'". Remark that 
such an / always exists because m>k and m > dimG = dimg. Since /(e,) G Hom(5\ G) 
for all i and / is surjective, there exists a surjective group homomorphism a : (5^)'" G 
such that (da) 1 = /. Let E be the simplicial complex on { 1 , . . . , m} defined as 

E := {/ C {1,.. .,m} I pos(A,- | z G /) G A}. 

Define a nonsingular fan A' in as 

A' := {pos(e/ I z G /) |/gE}. 

We want to find a complex subspace fi' of C" such that {da)'f{i)') = f) and the quotient 
map q': M'" R'"/p'{i)') sends A' to a complete fan in ]R™/p'({i'), where p' denotes the 
projection from C" to its real part. Let p: g*^ — )■ g be the projection and letq: — ?• 0/i?(f)) 
be the quotient map. Let wi, . . . , w/ be a complex basis of I). Then, ui = p(wi ),..., zi; = 
p{wi),vi = p(a/^wi), . . . , V/ = p(a/^w/) form a basis of p{t}). Since / is surjective, 
there exist u'j and in R*" such that f{u'i) = ut and /(v^ = v/ for z = 1, . . . ,/. Each of 
and v'l belongs to ker^ o /. Since m — dimG is even and / is surjective, the dimension of 
ker/ is even, say In — 21. Let , • • • , z/^, vj_|_j , . . . , v', be a basis of ker/ and put := z/^ + 
a/^Vj G C" for z = 1 , . . . , R. Define the complex subspace [)' of C"' to be spanned by w'^ 
for z = 1, . . . ,n. Then, ((ia)j'(f)') = p). Moreover, (Ja)i induces an M-linear isomorphism 
{da)i: W^/p'{l)') -> g/p(t)) such that (<ia)i([e/]) = q{Xi) for each z = l,...,k, where 
[e/] denotes the equivalence class of e,-. Therefore, the quotient map q' : — )■ R*"/ 
sends the fan A' to a complete fan in W"/ p'{l)'). Thus, (A', fi', (5^)™) is an object in ^2 and 
a G Hom<^2((^'' f)'' ('5^)'"), (A, fl, G)). Let 5 be the kemel of a (as group homomorphism). 
It follows from Theorem 19.31 that the a-equivariant holomorphic map : X{A') /H' 
X{A) /// is a principal S'-bundle, where H = exp(f)) and H' = exp(P)'). Since X{A!)/H' is 
equivariantly homeomorphic to a moment- angle complex ^ by Theorem 19. II the theorem 
holds. □ 
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10. NONDEGENERATE C"-ACTIONS ON COMPLEX n-MANIFOLDS 

The notion of nondegenerate ]R"-actions on real n-manifolds is introduced by Tien Zung 
and Van Minh (see [22] for details). In this section, we will briefly review a part of their 
works and give a complete classification of complex manifolds of complex dimension n 
equipped with holomorphic nondegenerate actions of C" as an application of Theorem 17. 9 1 

Let M be an n-dimensional smooth manifold, equipped with an ]R"-action p : M" x M — t- 
M. For each v G W\ let denote the fundamental vector field generated by v, that is, 

at 

for X G M. A point x E M is said to be a singular point if the dimension of the vector space 

h:={veW'\X,{x)=Q} 

is greater than 0. At a singular point x, we can consider the isotropy representation 
T^x'- ^x ^ GL{Tj^M / Tjc{M" -x)). The singular point x is said to be nondegenerate if the 
differential {d7rx)o of ^r^ at G 1^ is injective, that is, the whole image by (dTlxjo is a Cartan 
subalgebra of Qi{TxM/Tx(R.'^ ■ jc)). The action p is called nondegenerate if any singular 
point is nondegenerate. 

Let p : R" X M — )■ M be a nondegenerate action. According to ^T2\ Theorem 2.6], at a 
singular point x, there exist unique nonnegative integers h, e, a basis (vi , . . . , v„) of R." and 
a local coordinate system (xi, . . . , jc„) in a neighborhood of x such that the vector fields are 
represented as 

'Xy.=Xi-^^ for/= l,...,/z, 

^V,r+2J- 1 = ^h+2j- 1 ^^^^^ + Xh+2j , 

^v„+27 = ^h+2j- 1 ^ - Xh+2j for J = 1 , . . . , e, 



Xy,^^ fork = h + 2e+l,...,n. 



' OXh+2j-l 

h is called the number of hyperbolic component and e is called the number ofelbolic com- 
ponent at X. The pair {h, e) of nonnegative integers is called the HE-invariant at x. 

When the HE-invariant at x is {h, e), the dimension of R"-orbit through x is n — h — 2e. 
Therefore, M" • x is diffeomorphic to M'' x (5^ for some r, t with r + t = n — h — 2e. The 
quadruple {h, e, r, t) of nonnegative integers is called the HERT-invariant at x. 

Let Zp be the global stabilizers, that is, 

Zp = {v G M" I p(v,x) = X for aU x G M}. 

Since p is nondegenerate, Zp is a discrete subgroup of R". Therefore G := RZp/Zp, a 
compact torus, acts on M effectively. The dimension of G is said to be the toric degree 
of the action p. Suppose that M is connected. Then, for any point x, the HERT-invariant 
at X tells us the toric degree; the toric degree of p is equal to e + t, where {h,e,r,t) is the 
HERT-invariant at arbitrary point x E M (see [22, Theorem 3.4]). In case M is compact, 
there exists a compact M"-orbit (see [22, Proposition 2.22]). Namely, there exists a point 
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X such that the HERT-invariant (/?, r, t) at x satisfy r — Q. Moreover if x does not admit a 
hyperbolic component, that is, h = 0, then 2e + t = n. 

The action p : x M — )■ M is called elbolic if each singular point x^M does not admit 
hyperbolic components. The relation between maximal torus actions and elbolic actions is 

as follows: 

Lemma 10.1. Let M be a compact connected manifold of dimension n, equipped with an 
elbolic M." -action. Let G be the compact torus as above. Then, the action of G on M is 
maximal. 

Proof. As we mentioned above, there exists a point x EM such that the HERT-invariant at 
X is (0, e,0,t), 2e + t = n. So there exist a basis (vi , . . . , v„) of and a local coordinate 
system (xi , . . . ,x„) in a neighborhood at x such that the vector fields are represented as 



Let V = Y!i=\(^iVi, cii e M. Suppose that v e RZp. Then, the vector field Xy is almost 
periodic. So a2j-\ = for all j = \,...,e (otherwise, Xy is not almost periodic). The 
vector subspace 



has dimension e-\-t and contains MZp. Since the toric degree, the dimension of MZp, is 
given by e-\-t, we have that V = MZp. Therefore for v e MZp, Xv{x) = if and only 

if V is a linear combination of V2j, j = l,...,e. This shows that the dimension of the 
isotropy subgroup G^ at x is equal to e. It follows from 2e + t = n and dimG = e + t that 
dimG-|-dimG;c = dimM. Since the action of G on M is effective, the equality dimG-|- 
dimGx = dimM shows that the G-action on M is maximal, as required. □ 

Since C" is isomorphic to R^" as real Lie groups, we can consider holomorphic nonde- 
generate C-actions on complex manifolds of complex dimension n. In the case of holo- 
morphic nondegenerate C-action, each point x does not admit hyperbolic components. 

Lemma 10.2. Let M be a complex manifold of complex dimension n, equipped with a 
holomorphic nondegenerate C^-action p : C" x M — > M. Then, the action p is elbolic. 

Proof Let jc be a singular point in M with respect to the action p : C" x M — )■ M. Let (/i, e) 
be the HE-invariant at x. Suppose that h > 0. Then, there exist an element v G C" and a 
local coordinate system (xi, . . . ,x„) in a neighborhood at x such that the vector field X^ is 
represented as 




for7= l,...,e, 
for = 2e-|- 1, . . . ,R. 




aiVi \ ai = for i = 2j — I, j = I, .. .,e 



(10.1) 



d 



Xv = xi 



COMPLEX MANIFOLDS WITH MAXIMAL TORUS ACTIONS 



55 



Let J be the complex structure on M. Since the action p : C" x M — )■ M is holomorphic, 
the section 



is a holomorphic vector field. So the zero locus of Xy has even codimension. This contra- 
dicts the fact that the zero locus of Xy has codimension 1 by (|10.1I) . Therefore h = 0. Since 
each singular point x does not admit hyperbolic components, the action p : x M ^ M 



Combining Lemma [1 . 2 1 with Lemma [10. 11 we have that if a compact connected com- 
plex manifold M of complex dimension n admits a holomorphic nondegenerate C" -action, 
then M admits a maximal action of a compact torus G which preserves the complex struc- 
ture on M. This allows us to classify compact connected complex manifolds equipped with 
holomorphic nondegenerate C"-action with Theorems |7.9| and |8.6l 

Theorem 10.3. Let M be a compact connected complex manifold of complex dimension n. 
M admits a holomorphic nondegenerate -action if and only if M admits an action of a 
compact torus G which is maximal and preserves the complex structure on M. 

Proof. The "only if part follows from Lemmas 1 1 . 1 1 and 110.21 immediately. 

In order to show the "if part, suppose that M admits an action of a compact torus G 
which is maximal and preserves the complex structure on M. Then, we have the complex- 
ified action G*^ x A/ M of the action of G. 

Let G^ be as in Section [3l Through the exponential map, the Lie algebra of G^ 
acts on G^ holomorphically and effectively. Since M has an open dense G'^-orbit, it also 
has an open dense G^-orbit. Therefore is isomorphic to C". Let be as in Section 
|5l For any point yEN,ii follows from the definition of N{G-x) (see Lemma |49l ) that 
y is nondegenerate with respect to the action x M — )■ M. As we saw in Remark 17.101 

coincides with the whole manifold M and hence any singular point with respect to the 
action x M — M is nondegenerate. This shows that the g^-action is nondegenerate, 
proving the "if part. 



Let (M, G) be a representative of [M, G] G "^i . In this section, we give a necessary 
condition for a compact connected complex manifold M to admit a Kahler metric in terms 
of the nonsingular fan A, where ( [M, G] ) = ( A, f) , G) . 

Theorem 11.1. Let {M,G) be a representative of [M,G] G '^i andlet {A,i),G) = ^i([M,G]). 
Let f be the subspace of the Lie algebra Q of G which is spanned by all generators of 1 - 
cones in A. Suppose that M admits a Kahler metric. Then, dim f = dimM — dim G. 

Remark 11.2. By Corollary 15. 8 [ each cone in A is contained in a (dimM — dim G) -cone. 
Therefore, dim f > dimM — dim G for any M. 




is elbolic, as required. 



□ 



□ 
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Proof of Theorem Let be a Kahler metric on M. By taking average of h with the 
action of G, we may assume that h is G-invariant without loss of generality. In this case, 
all elements of G act on M as isometrics. 

Let Ai, . . . , Ayt G Hom(5\ G) be the primitive generators of 1-cones in A. Denote by G,- 
the circle subgroup A,(5^). By definition, G/ fixes a characteristic submanifold of M. In 
particular, the fixed point set M*-'' of the action of G; is not empty. By Frankel's theorem 
(see BH), it follows from M^' 7^ that G, acts on M in Hamiltonian fashion. Therefore, the 
subtorus F generated by G, for all / acts on M in Hamiltonian fashion. So the fixed point 
set of F is not empty. Since the action of G on M is effective, so is the action of F . 
dimG + dimGx < dimM by (|2!2|) for any x G M. Assume that x G . Since F C Gx, we 
have that 

dimF < dimGx < dimM - dimG. 
Since the Lie algebra of F is exactly f by definition of F, we have that dimf < dimM — 
dimG. 

The opposite inequality follows from Corollary 15.81 Therefore, dimf = dimM — dimG, 
as required. □ 

Now we study the topology of M which admits a Kahler metric. 

Theorem 11.3. Let (M, G) be a representative of [M, G] G ^1. Suppose that M admits a 
Kahler metric. Then, M is a total space of a holomorphic fiber bundle over a compact 
complex torus whose fibers are projective nonsingular toric varieties. 

Proof Let ( A, [) , G) = .^1 ( [M, G] ) . By Theorem |7?9l M is G-equivariantly biholomorphic 
to X{A)/H, where H = exp([)). We will show that X{A) /H is a total space of a holomor- 
phic fiber bundle over a compact complex torus whose fibers are projective nonsingular 
toric varieties. 

Let p: 0^ —7- be the projection and let ^: — )■ g/p(f)) be the quotient map. Since 
(A, [),G) G ^2, the restriction is injective and q sends A to a complete fan in Q/p{i)). 
By Theorem ! 1 1.1 [ all cones in A contained in a subspace f of dimension dimM — dim G. We 
claim that the restriction ^Ij^: f — )■ Q/p{i)) is isomorphism. The surjectivity of q\j follows 
from the fact that f contains all cones in A and the fact that ^(A) is complete. To show the 
injectivity ofq\^, it suffices to show that dimQ/p{i)) = dimf because q\fis surjective. Since 
X{A)/H is biholomorphic to M, dimM = 2dimG — dim// = 2dim0 — dimf). Since is 
injective, dimf) = dimp([)). Therefore 

dimg/p(f)) = dimg — dimp(f)) 

= dimg — dimf) 

= dimM -dimG 

= dimf. 

This together with the surjectivity of q\j shows that q\j is an isomorphism. Since ^(A) is 
complete in 0/p(f)), A is also complete in f C g. Let denote the restriction of all cones 
in A to f. Let £ be a subtorus of G which is a complement of F = exp(f) in G and let c 
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denote its Lie algebra. Under this notation, A is the join of the complete fan Aj and the 
fan Aq consisting of only the origin {0} in e. So the toric variety X{A) associated with 
A is the product of the complete nonsingular toric variety X ( Aj ) and the algebraic torus 
X{Ao)=E^. 

Since £ is a complement of F, we have decompositions = e © f and g"-" = © f*^. Let 
PcC '■ t'^ be the projection. We claim that H^c ■ = exp{p^c{^)) is a closed subgroup 

of E^. By Lemma ITTTl it suffices to show that the restriction p^c\[f is injective. Since 
g*^ = © v^— Tg and g = e © f, we may represent each element w of t) as w = Wc + "f + 
y/—lvc + y/^Vf for some Me,Vc G e and Uf.Vf G f. Suppose that p^c{w) = 0. Then, w = 
Uf + ^/^Vf. Since the restriction plf, : t) — )■ g of p : g^ — )• g to f) is injective, w = if and 
only if p{w) =Uf = 0. Since q\f. f— 7'g/p(f))isan isomorphism, it follows from p{w) = Uf 
and w G t) that Uf = 0. Therefore w = 0. This shows that H^c is a closed subgroup of E^. 
It also follows from the injectivity of p^clf, that H^c does not contains a circle subgroup. 
Moreover, dim/Z^c = dimf) = 2 dim G — dim M = 2dimG— (dimF + dimG) = dimE. In 
particular, dim/Z^c = ^dimE''^. Therefore, the quotient E^/H^c is a compact complex 
torus. 

The first projection Z( A) = E'^ x X(Aj:) — )■ E^ and p^c induce a holomorphic fiber bun- 
dle 

Xff: X{A)/H= {E^ X X{A^))/H E'^/H^c 

whose typical fiber is a complete nonsingular toric variety X{A^). Since X{A) /H admits a 
Kahler metric, the fiber X(Aj:) also admits a Kahler metric because each fiber is a complex 
submanifold of X{A) /H. For any complete nonsingular toric variety, it being projective is 
equivalent to it admitting a Kahler metric. Therefore the typical fiber X(Af) is a projective 
nonsingular toric variety, proving the theorem. □ 

Theorem 11.4. Let (M, G) be a representative of [M, G] G ^i. Suppose that M admits a 
Kahler metric. Then, M is dijfeomorphic to a product of a nonsingular projective toric 
variety and a compact torus. 

Proof. We use the same notations as the proof of Theorem II 1.3 1 and will show that X (A) / H 
is diffeomorphic to £■ x X{A^). Since E and H^c generates E^ and H^c HE = {l^c}, there 
exists unique elements gE ^ E and gn c ^ ^^^^ '^hat ^^c = gEgH c element 
gEC G E^. Let p^c : g*^ = e*^ © ^ f*^ be the projection. Let H^c := exp{p^c{^)) C 
F'^. Since the exponential map Pjc(f)) — )■ H^c is an isomorphism, the composition p^c o 
(^c'c|p,C((,))^' Pe'^i^) ~^ Pfih) induces a group homomorphism 9 : H^c H^c. We 
define {E^ x X{Af))/H E x X{Af) to be (^)([g£C,x]) := {gE,d{gH^^y^ -x), where 
[g^c , x] G {E'^ X X (Af ) ) /H denotes the equivalence class of (^^c ,x) e E^ xX ( Af ) . Clearly, 
(j) is well-defined, (j) has the inverse (f)^^ : Ex X{A^) — )■ {E'^ x X{A^))/H defined as 
'l>^^{gE,x) = [gE-,x]. Both and are smooth, so ^ is a diffeomorphism andX(A)/// 
is diffeomorphic to the product X(Aj:) x E, as required. □ 
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Related with Theorems II l.ll and ll 1.41 . we may consider generalizations. One direction 
is symplectic version. Let M be a symplectic manifold equipped with an action of a com- 
pact torus G which is maximal and preserve the symplectic form on M. If G acts on M 
freely, then M is diffeomorphic to a compact torus. If the fixed point set M'^ is nonempty, 
then the G-action on M is Hamiltonian and M is a toric manifold (see [fT2), Remark 2. (4)] 
for details). We already know these extreme cases, but do not know the other cases. 

Problem 11.5. Let M be a compact connected symplectic manifold equipped with an ac- 
tion of a compact torus G, which is maximal and preserves the symplectic form on M. Is 
it true that M is diffeomorphic to a product of a projective nonsingular toric variety and a 
compact torus? 

The other direction is locally conformal Kahler version. A Hermitian manifold (M, h) is 
said to be a locally conformal Kahler manifold if the hermitian metric h is locally confor- 
mal to a Kahler metric, that is, there exists an open cover {Ux} of M and positive valued 
functions fx: Ux ^ ]R>o such that fxh is a Kahler metric on Ux- A typical example of 
locally conformal Kahler manifold is a Hopf manifold. Let a e C \ M and put oc := e^'^^. 
Define an equivalence relation ~ on C" \ {0} to be 

(zi, . . . ,z„) ~ (a^zi, . . . , a\n) for all keZ,{zu... ,Zn) G C" \ {0}. 

The quotient space M := C"\ {0}/ ~ which is the so-called Hopf manifold carries the 
Hermitian metric 

1 " 

h = — — ■ — 
Lj=i \Zj\ 

which is locally conformal to a Kahler metric. Moreover, h is invariant under the action of 
(S^)" on M to which the standard (5^)"-action on C" \ {0} descends. Also, h is invariant 
under the action of =R/Z given by [zi , . . . , z„] [e^"'zi , • . . , e^^'zn] for t G M, 
where [zi, . . . ,z„] G M denotes the equivalence class of (zi, . . . ,Zn) G C" \ {0}. The action 
of G = (5^)" X 5^ on M is maximal. In fact, the orbit through [1,0, ... ,0] is a real 2- 
dimensional torus which is minimal. 

Problem 11.6. Characterize [A/, G] G whose representative (M, G) admits a (G-invariant) 
locally conformal Kahler metric. 

We may expect that a solution of Problem II 1.61 will provide a lot of concrete examples 
of locally conformal Kahler manifolds, as well as the correspondence between Kahler toric 
manifolds and Delzant poly topes (see 1,7 J). 
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